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HISTORICAL IN TRODUCTION 


1. General introduction 


Most studgngs begin real variable theory with the di: ial 
calculus, coi integraly, as the inverse of ttre dif / 
n 


derivativef in essentiBds they he ideas of Newton and” Oh 


Leibnitz. Some never go beyond this stage; much is done in f 
physics and applied mathematics by using e alone, without Rod 
recourse to more modern ideas. However; it is becomin, A 4 


increasingly clear to scientists in general, 7 
those interested in statistics, statistical physics jT quantum 
theory, that such a limitation of the pure mathemati 
restriction, and that the use offbettos integratio 1/Vozeg, 
result in a greater ease of application. The mathematician 

or scientist who wishes to go beyond the Newtonian inverse of 

a derivative could advantageously take for his tools the two 

new and equivalent integrals of this book. He will find that 

the usual theorems ea In particular 


- a 
(i) the integral la additive in the functions to be inte- 
grated, and in the/intervals~ir which they are inte- 
grated (Theorem 19.1, p. 27; Theorem 21.1, p. 31); 
(ii) if the convergent sequence {fn(a)} is bounded by M 
independent of n and x, and if each f(x) is integrable, 
then 


f lim f,(2) de = lim |” fafa) de 


a n>0 NIO a 


(special case of Theorem 37.1, p. 85); 
(iii) if in (11), falx) is the sum Of 9m(x) form = 1, 2,.. y NR 
then 


, 


b œ © pb 
2 gm(x) de = Y 9mix) de 


a m=1 m=lY a 


y d rz d 
(iv) = fto t = fle) 


bo 
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at almost all points x (special case of Theorem 35.1, 


P- 78); 
(v) if, for each y, Y, f(x, y) is integrable and 


lf, Y) —f(x,y)| <M|Y-—yl, 
where M is independent of 2, Y, Y, then 


da v f(z, y) 

— | flx,y)de= f wee 

dy I. ( Y) a cy ae 
(special case of Theorem 37.3, p. 88). 


The theory is developed from the beginning, and only a 
knowledge of real and complex numbers is assumed. However 
a familiarity with the e, 6 technique would be an advantage. 

The ordinary student i 
are starred, and also Chapter 8. These topics are intended for 
the more mature student 
integral at least. To him 
elegance and apparent finality of Lebesgue theory has caused 
mathematical inventiveness to move to other fields. Because 
of the Riesz representation theorem the integral has been 
regarded as nothing more than 
gration is far more than this, as the present book partially 
shows. Further, there is no longer any necessity for considerin 
separately the Riemann, Riemann-Stieltjes, Burkill (Pollard— 
K » Lebesgue, Radon, special Denjoy, Perron and Ward 
Integrals, for all these are included in the Riemann-complete 
and variational integrals of this book. Measure theory is not 
needed at the beginning, and the measure properties that are 

» required later are obtained in a far simpler way than usual. 
Contrary to the general view, complete additivity of the 
measure is not required in order that we should have theorems 
of Lebesgue type; here we find that finite additivity is enough. 
In particular, Fatou’s lemma is still valid, so that the Riesz— 
Fischer theorem and the completeness of L? spaces follow 
as usual. For the latter see Chapter 9, in which we extend the 
Integral to functions with values in linear topological spaces. 
We omit all integrals using convergence factors, and for these 

e refer to the literature (Henstock, (1960b, e; 196la, b)). 

¡For simplicity we also restrict the functions to be functions 

| of points or intervals on the real axis, or of points or rectangles 


j pe the plane. The n-dimensional case is a straightforward 


Moo Rf 


a 


Ne A A me Ne 
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$1] 
generalization, and the extension to an abstract space is 
given in Henstock (1961a, b). 

But it is not advisable to restrict ourselves entirely to pure 
mathematics. There is ample precedent for a pure mathe- 
matician to consider in detail some applications to statistics 
(Chapter 10). This chapter is bound to be inconclusive and 
to leave much unsaid because of limitation of space, so that 
I have made an arbitrary selection of topics that illustrate 
the main theory. The Central Limit and allied theorems are 
adequately covered in other books, and so are omitted. 

The first chapter is divided into two, because of the re- 
quirements of two kinds of reader. The beginner can read 
Sections 2 to 4 and then proceed to Chapter 2. The remaining 
sections are for the notice of the integration student who has 
already dealt with Lebesgue integration at least, to explain 
the relations between the new integrals and the old. We give 
a very brief summary of the position of integration theory 
up to, say, 1958. Because of the brevity many illustrious 
names have to be omitted, and we concentrate on generaliza- 
tions suitable for problems in trigonometric series. 


1862-1343 
2. Areas, and the differential and integral calculus 


In the simplest case the process of integration is the adding 
together of areas of non-overlapping elementary figures, and 
then the taking of sqme kind of a li nit.(The Greeks computed 
many simple arched methods WBS ayatematined through 
the years, and culminating in the method of exhaustions of 
Eudoxus (c.408-355 B.c.) and Archimedes (c.287-212 B.C.). 
This method was the first crude limit process; and they used 
the geometry of the figures to fit a sequence of non-overlapping 
triangles inside each main figure that finally exhausts the area. 
By this means they found the areas of the circle and sections 
of parabolas, for example, but could not define a general non- 
negative polynomial, and so could not compute the area 
under its curve. 

The second approach to integration lies in inverting the 
result of differentiating a known function. The operation of 
differentiation was first systematized by I. Newton (1642~ 
1727) and G. W. Leibnitz (1646-1716). To each of a certain 
class of functions f for which the derivative Df = af/da 
exists, say, for æ in a <x < b, we make correspond that 
derivative, so that we can regard D as an operator. It obeys 


gi 
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y 5 
the following rules. If f, g are differentiable functions of x a From (2.3) we have 
in a < x < b, and if a, B are constants, then in a <x < b { 
we have ji df d 
D(of +g) = «Df +pDg en i sota») = wx) f Fae 
D{f(9(x))} = (df/dg)Dg (2.3) j 
Pa gmd {= 4/9 ove dak Da = 0 i m (2.4) ra (NL) Jaw dg = (NL) fr La (2.8) 
4 Sia 3, P . aj ws 4 1 $ de . 
e The rule for division is obtained from (2.2); if | f=h/g? . E the fi > A 
X ç «then Ñ | haan for integration by substitution, 
Ph = Do Np CL fe pat to rua daa me genera integrals wo wil see 
D(h/9) = Df = {Dh—(h/g)D9}/q J |} true for them, O 26; 2.75 2.8) are in some sense still 
A function H of points x is an indefinite Newton integral i _ The integration of a polynomial in g i 
of a known finite function f in a < æ < b, if DH = f in that "EE simple functions cannot be integrated. i po Hic 


if DH exists ina sg < 6, and if y i 
; i E y 18 a number b 

oe and H’(b), then there is a fina<éc< ee ee 
(€) = y. It fol ows that if f is zero for x less than (a+b) 


and is 1 otherwise, then f does not have a Newton integral 


interval. The functions that Newton integrated are all con- 
tinuous, but we can ignore that limitation. Then the definite 
Newton integral ina < e <b is H(b) —H(a). We can write H 
as 


H = D-3f = (NL) i f dx, H(b)—H(a) = (NL) | eee 


SK ee 


where NL stands for Newton—Leibnitz. This definition of the 
integral is descriptive. No method of construction is offered, 


but we are given its operties so that we can recognize it if 
it is ER n dao way. Because of this we have to 


3. Riemann, Riemann-Stieltjes and Burkill integration 


G. F. B. Riemann (1826 66) gave% i 
Rie 90) gave the following definiti 
the definite Integral of a function Jina<e <5" ae i 


| 
prove that if H and Hj are both indefinite Newton integrals | a = to <t <... Sth (3.1) 
of the same function fina < æ < b, then pl be a division of a < i : i 
E) E ia i pointof tha hide x < b into smaller Intervals, let £ be a 
(b) —H(a) = Hy(b) — Hy(a) (2.5) *j-1 < X < ay, and consider the sum 
To prove (2.5) we note that by (2.1) i n 
DH-H) = f-f =0 | S = E HE) es — 24-2) (3.2) 
; : : ; y The number J is the definite P; . 
so that in particular H —H; 1s continuous, and then the mean ES : 18 the definite Riemann integral offina<m< 
value theorem gives (2.5). Ad i if to each e >0 there isaS > 0 such that ie: 
From (2.1) we obtain the distributivity of the Newton if 1S-1] 
integral, namely, Y h <e (3.3) 
D-(af+Bg) = «DJ+ BD (2.6)  Ẹ whenever 
From (2.2; 2.6) we have the formula for integration by parts, 4 15 £5 S 2, <%it8 (j= 1, o (3.4) 
D-UgDf) + D-UfDg) = _ Y. G. Darboux (1842-1917 : , 
fdg ji yei e df : /tion when f is real. He eoplaced E) eae 
te 5 AS 
vz) | (4) ae = fo ava) (De en | sum, Boe a Sif i aa <a < a, and obtained an one 
4 \ ower sum he replaced Fé) by the infimum 


ys 


; View * pp ) $ a í 
J lia perla Mco danes MQW E a 1875) 
EN A ' f 
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Ro. of divisio. . 3 > 

(greatest lower bound) of f in jı <x < %j. If f is non- i by = ay Si i gr pestis ne the &, e.g. we can take 
negative, with a given graph, and if we take a division (3.1) J =%,1,2,....2% and n = 1,2,... 
of a < æ < b, then the upper Darboux sum is the sum of the 4 4A 

areas of rectangles with bases the intervals Lj-1 S 8 S wy, S * “A new approach to Newton's and Riemann's integrals 
and with just sufficient height to include the graph. The e Newton's definite integral can be written as a simple exampl 
lower Darboux sum is the sum of the areas of rectangles with i of the kinds of integrals that we wish to study Lot H ba ne 
the same bases, but lying just below the graph. When f is | Newton indefinite integral of a finite function f mas<e< i 
real it is clear that for suitable choice of the éj, the S of (3.2) i Then DH =f there. Thus, given e >0 ES 


, there is a 3 >0, 


can be taken arbitrarily near to the upper sum, and for another depending on e and 2, such that for 0<|t—a] < 3 


choice, arbitrarily near to the lower sum, so that the Darboux N ¡H(0-8 
modification does not alter the Riemann integral of a real SA —f(2)| < e 
function. Thus if a real function has a Riemann integral in tx bi 
a < x < b it must be bounded there. From this we can show H(t)— Ale) — És 
that not every Newton integral is a Riemann integral. For | Here, all intervals i (2) — | < ela] (4.1) 
. = > ; O x, where ei err—ó<t<o 

H(x) = 22. sin(1/22) (a 4 0), H(0) = 0 (3.5) | as E 2-+9, have this Property. Suppose that ee iese 
is differentiable everywhere, the derivative being unbounded 1 Then f S We can construct a division (3.1) f a<ec<b. 
in the neighbourhood of x = 0. However, not every Riemann | b ra or £; equal to one or other of æ, %j, we use (4.1) and 
integral is a Newton integral, for the Riemann integral of the | opua 
last function of Section 2 exists in a < x < b, and is equal to | n 
3(b—a). There is a common region, for the Riemann and j |H(b)~H(a)~ Y FEIE; —æ3-1)] 
Newton integrals of a continuous function exist and are `Š j=l 
equal. The Riemann integral cannot integrate every bounded n 
ssnedion. Jori | =12 (Ho) Haya) ~fl€,)(0j—24-1)}] 

fle) i (x rational) (3.6) } is 
v) = AE ; | 
0 (x irrational) | < Y la) —H (24-1) HEN(a—2-1)| 
j=1 


then any upper Darboux sum is b—a, while any lower Dar- 


boux sum is 0. Thus f does not have a Riemann integral n 
(nor a Newton integral). <È e(23—2/-1) = e(b—a) Es 
$=1 


The Riemann method has been modified in many ways. 
, T. J. Stieltjes (1856-94) used another function g, replacing 
Y ue (Onn dele me daS de Tudo 
Ne ions oe ) 


LA a 
esmas. = )—9(@s—1) 


showing that for the special £ 


(3.2) tends to H(b)—H(a) as e >0. Thus if the construction 
of divisions is possible, Newton’s integral has a definition as 


The resulting integral is now called the Riemann-Stieltjes Construction is in fact possible. Further 

integral. J. ©. Burkill replaced f(£X(a,—2y-1) in (3.2) by a Y  SEllep— ai) are of too aoe the interval functions 
function h(2;_1, xj) of the interval from 2-1 to xy, obtaining | 

the Burkill integral. Tt is clear that the Riemann, Riemann— | Hoja Maja j-1), f (x4) (%j— 273.1) (4.2) 
Stieltjes and Burkill integrals are constructive when they i right-hand and left-hand, where the é; is regarded as fixed 
exist. For we can construct the definite integral I by finding i while the other end of the interval lies in a certain nei h- 
the limit of sums (3.2) for Riemann integrals, or the corres- j bourhood of és. gn 
ponding sums for the other integrals, for special sequences | B 
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Again, in Riemann's definition we use interval functions 
If Ey = 23.1 or xj, we again obtain an interval function (4.2). 

If 231 <é <a; we put 


FE (5 — 25-1) = FEDE — 3-1) +f (Es) (ej Es) 


a sum of the two kinds in (4.2). Similarly for the Riemann— 
Stieltjes integral. There is no ¢; in Burkill integration, so 
that it does not matter whether an interval is counted as 
left-hand or right-hand, the h is the same. 

This section gives us two ideas that are developed in Chapter 
2; namely, the use of intervals from ¢ to zx, for li—x| < èls) 
and the use of two interval functions, one ‘left-hand’ ard ane. 
right-hand’. The beginner can now proceed to Chapter 2 

The rest of Chapter 1 is designed for the student of integration 


who wishes to connect his previous k i 
ie tee. p s knowledge with the theory 


F(Es) (5 — 5-1) (05-1 < Es < 03) 


- 


*5. The fPotlard-Getchell integral 


In Riemann-Stieltjes inte i 

gration S. Pollard (1894-1945) and 
B. C. Getchell modified (3.4), s i 
tec ne (3.4), supposing that for each e > 0, 


a = to <a! <.. <ap’ = bd (5.1) 


with the property that if (3.1) is a subdivision of (5.1) and 

na E e E Jj = 1,2,....m, then (3.3) is true. In this 
e I ts the Pollard-Getchell integral ; 

EEA gral of f. See Pollard (1923), 

_ Every Riemann-Stieltjes integral is a Pollard—Getchell 

integral, for we can ensure (3.4) by taking, in (5.1) 


0p — O be <8(k = 1; 2, ..., p) 


; The Pollard-Getchell integral enables us sometimes to 
integrate, f with respect to g when f and g have common dis- 
continuities and the Riemann-Stieltjes integral does not 
exist. The Pollard-Getchell modification can be applied to the 
Burkill integral, and a suitable construction of the divisions 
E aaa A in Henstock (1946 and 1948). 
aia a T ae e aa 1s constructive if suitable 


The itegrals of Sections 3 and 5 are of Riemann type and 


o 
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share most of the limitations of the Riemann integral. In 
particular, they cannot integrate the limits of all bounded 
convergent sequences of integrable functions, nor can they 
integrate all derivatives, so that more drastic modifications 
are necessary, such as will be given later in this book when we 
define the Riemann-complete integral. 


== 


*6. Lebesgue and Radon integration 
H. Lebesgue (1875-1941) made a great step forward by defin- 


integral. J. Radonfreplaced Lebesgue measure by a measur (1889-175 


ing first the Rado of a set of real points, and secondly, e 


suitable for Stieltjes integrals. Lebesgue type integrals will 
be defined in Chapter 8. Other definitions have been given by 
W. H. Young (1863-1942) and P. J. Daniell (1889-1946). 

If fis Riemann-integrable then it is Lebesgue-integrable. 
But the converse is not always true, as the Lebesgue integral 
of (3.6) exists and is equal to 0. Further, if a sequence of 

“Lebesgue-integrable functions is bounded and convergent 
then the limit-function is also Lebesgue-integrable, the inte- 
gral being equal to the limit of the integrals of members of 
the sequence. If f is Lebesgue-integrable then so is |f |, so that 
we have an absolute integration. This last result can be used 
to show that the derivative of (3.5) cannot be Lebesgue- 
integrable, so that Newton’s integral is not included in 
Lebesgue’s. 

The situation is radically different when we pass to Stieltjes- 
type integrals. If a Radon measure is obtained from a point 
function g, then g must be of bounded variation, whereas, 
for example, the Riemann-Stieltjes integral of 1 with respect 
to g in a < x < b always exists and is equal to g(b) —g(a), 
even if g is not of bounded variation. If g is of bounded 
variation and if the Riemann-Stieltjes integral of f with 
respect to g exists, so does the corresponding Radon integral. 
The two integrals may not be equal unless g is also continuous. 
The Radon integral can also integrate the limit-function of a 
bounded sequence of Radon-integrable functions, if the 
integrator g remains fixed throughout. We obtain the 
Lebesgue and Radon integrals in a set M contained in an 
interval Z, if we multiply the integrand by the characteristic 
function of M and integrate in 7. An unbounded M needs an 
infinite interval. Thus we need only integrate in intervals. 
Clearly also, the integrals are constructive. 
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*7, Special and general Denjoy integrals 


By using two methods of extension of the Lebesgue integral, 
A. Denjoy defined his special Denjoy integral. The two methods 
are given in Chapter 7, and the special Denjoy integral in 
Chapter 8. The Lebesgue and Newton integrals are contained 
in the special Denjoy integral, which in turn is contained in 
the general Denjoy integral, obtained by a modification of 
the second extension of the Lebesgue integral. But the 
general Denjoy integral cannot integrate all sums of con- 
vergent trigonometric series. 

In passing from the Lebesgue to the Denjoy integrals we 
lose the absoluteness of the integral. Thus |f| need not be 
Denjoy-integrable even if f is, and the Denjoy integrals are 
non-absolute. 

I have proved, Henstock (1960c), that a special Denjoy— 
Stieltjes integral can be defined if the integrator is fairly 
smooth, and in particular, if it is continuous and monotone. 
The proof deals with a more complicated case, but the simpler 
case is an easy deduction. 

The Denjoy-type integrals are again constructive. 


*8. Perron, Ward, and Burkill’s approximate Perron 
integrals 


O. Perron defined major and minor functions of a function f 
in a <x <b, and with these defined the Perron integral. 
The simple descriptive definition is given in Chapter 8, and 
it does not need measure theory. It is equivalent to the special 
Denjoy integral, in the sense that if one exists then so does 
the other, and their values are equal. A Perron-Stieltjes 
integral can be given when y is strictly increasing, but the 
definition is difficult otherwise. This led A. J. Ward (1936) 
to define the Ward integral as am integral of Perron and 
Stieltjes type that is again descriptive, and is equivalent to 
the Perron-Stieltjes and special Denjoy-Stieltjes integrals 
when they exist. Further, if tho Riemann-Stieltjes or Newton 
integral exists, so does the Ward integral, with the same 
value. 

By a modification of the derivatives used in Perron inte- 
gration, J. C. Burkill (1932a) has defined an approximate 


original function. 
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*9, Extensions to 1958 


Many other real variable integrals have.been defined, most of 
them using convergence factors. The first of these were 
Burkill’s Cesdro—Perron integrals (Burkill (1932b, 1935 and 
1936)), and some of them, and Burkill’s symmetrical Cesdro— 
Perron integrals (Burkill (1951)), can integrate all sum- 
functions of convergent trigonometric series, They cannot 
integrate all Abel sums of Abel-convergent trigonometric 
series, and the Abel—Poisson—Perron integral of S. J. Taylor 
(1956) has been constructed for this purpose. To put the 
theory of convergence-factor integrals on a more general 
foundation, R. L. Jeffery and D. S. Miller (1945) have pro- 
duced general convergence factor integrals of Perron type. 

Most real variable integrals can be extended to deal with 
complex-variable functions, and functions defined in an n- 
dimensional rectangle or in an abstract space. Integrals have 
also been defined for functions with values in Banach spaces, 
or even in linear convex topological spaces. 

An approach due to F. Riesz, is to regard an integral as 
nothing more than a linear functional on a space of functions. 
This is due to the linearity of the integral, and the Riesz 
representation theorem, that gives a Stieltjes integration 
corresponding to each linear functional. But the theory of 
integration is much wider than that, and the linear functional 
approach is unduly restrictive. 


*10. The n-, N-variational, and Riemann-complete 
integrals 


Since 1958, to simplify the theory of convergence-factor 
integrals, 1 combined the approaches of Ward, and Jeffery 
and Miller, and the result is the N-integral of Henstock 
(1960b). Further theory given in Henstock (1960c and 1961a) 
make it clear that an equivalent descriptive integral, the 
N-variational integral, can be defined. The simple form of the 
latter, in which convergence factors are omitted, is the 
variational integral of Henstock (1960a). The next step, in 
which we travel back to a Riemann-type integral, 'is the 
Riemann-complete integral of Henstock (1961b). The Riemann- 
complete and equivalent variational integrals form the subject 
of this book, and they include Riemann, Riemann-Stieltjes, 
Pollard-Getchell, Burkill, Lebesgue, special Denjoy, Perron, 


Perron integral with approximate derivative equal to the | 
i 
| 

| 


f 
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and Ward integrals, and Radon integrals for a continuous 
| integrator. Differences occur with the Radon integral if the 
| integrator is discontinuous. The Riemann-complete integral 


| is constructive if certain ‘complete sets’ are constructive, 


while the variational integral is descriptive. 

In Chapter 9 of this book we deal briefly with integrals of 
functions with values in more general spaces. The subject of 
tho use of convergence factors in integrals is so vast that it 
would require a separate book to deal justly with the theory. 
T hope in due course to write such a book. 


v 


\ 
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11. Notation 


As usual in books on integration theory, we begin with 
notation involving sets and their members. First, an object 
x may be described in several ways. If e and y represent the 
same object we write x = Y. A collection of objects is some- 
times called a set, and sometimes a Jamily. These two terms are 
regarded as being interchangeable and as meaning the same 
thing. If an object æ is a member of a set M we write x e M. 
If every member of M is also a member of a set Mı we write 


Mc Mi, Mı > M 
If M,M, have the same members, 
M S M, Mı S M 


and we write M = My, and regard M and M; as being the same 
set. Otherwise we write M + Mi and say that M,Mı are 
distinct. If 


M S Mı, M £ Mi, we write M < Mı, Mı > M 
If is a family of sets M then 


U™ Nu 
M- M 


are the union and intersection of sets M of M. The first is the 
set of all objects each of which lies in at least one of the sets 
of M. The second is the set of all objects each of which 
lies in all sets of æM. Usually Æ is omitted from the sym- 
bol, and there are other slight variations. For instance, if M 
is the collection of M; for j = 1,2,..., we write 


00 00 

U u, MA, 

j=1 j=1 
Note that we do not need any idea of a limit in these defini- 
tions. The union and intersection of two sets M, M are for sim- 


plicity written as M y Mı, MN Mı. Two sets with no 
common member, so that the intersection is empty, are called 


13 
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00 00 œo foe) 
lim sup M; = (] U™;, lim inf M; = J MA, 
joo n=1 j=n joa n=1 j=n 
and if they are the same set we write it as 
lim M; 
jon 
Ha. 11.1. If Myc Ma € cE Mc. 
show that 
œ 
lim M; = (Jx; 
jroo j=1 
Ex. 11.2. If Mı > M22..>» M; =>... 
show that 


ao 
lim M; = nu, 


fra j=1 


12. Countability 


Suppose that T is a relation between the objects x of a set x 
and the objects y of a set Y,.such that 

(a) if wisin X there is a y in Y such that Ty; 

(b) if there is a y’ in Y such that xTy' then y’ = Y; 

(c) ify isin Y there is an xin X such that «Ty; 

(d) if there is an z’ in X such that x'Ty then z’ = x. 


systems have been defined in some way already, and will only 
use the idea of similarity to define countability. 
A set X is countable if it is similar to the set of all positive 


/ integers. If to each object œ we ao positive integer j 
e 


d tre" heg it 
| aetna r a ia PE orde 
a aan CN, til 770874) 258 


A the infinite it 
X » 


A 


pae 
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THEOREM 12.1. A subset Mi of a countable set M as finite or 
countable. 

We can suppose that M1 is not empty. Then, writing the 
set M as a sequence, let Ji be the first integer j such that 
æj isin My. Let Je be the first integer j > jı such that aj is in 
Mi, and so on. If at some ‘stage the process ends, the set 
Mi is finite. Otherwise we obtain an infinite subsequence 
(23, ) of points of Mı. Each point of M is an x; for some 
integer j, and so occurs in the subsequence, so that My is 
countable in this case. 


THEOREM 12.2. A finite or countable union of finite or 
countable sets is finite or countable. 
Let the sets of the union be put in a finite or infinite sequence 
as {Xj}, and let the members of X; be put in a finite or infinite 


711, V12, V21, L13, V22, X31, L14, V23, Ugo, T41, Lib, ... 


We now use this order to consider each 54 in turn, and we 
discard the aj, if it is equal to an earlier member of the 
sequence, and we otherwise retain it. The result is a subset S 
of a finite or countable set, which by Theorem 1 is again 
finite or countable. Each object of the union is in an X; and 
so is an object aj, which therefore occurs in $. Cleatly no 
other object can occur in S, so that we have proved the 
theorem. à 
» 250 Doo ; dur des inp. Verenig (lego 75, 
| HEOREM 12.3. The set of all real numbers ino sw £l 
is not countable. 

” Each x in 0 <v <l can be written as a decimal, say 


v = 0-xlg?...qn... 


where 2” takes an integer value from 0 to 9. Some real 
numbers have a dual representation, for example, 


0:5000... = 0-4999... 


To remove this duality we make the convention that no 
decimal has the form with qn = 9 for all n greater than some 
integer. , 
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Suppose that the real numbers between 0 and 1 can be 
written as a sequence {x;}. Then each 2; can be written as 


w = 0-231032...0"... 
and we can define a decimal 


y = 0-yly?2...yn... 
by the rule 


n = En” +1 (0 < an” < 7), y? = 1 (£n” = 8,9) 


so that y? 9. This decimal differs from each decimal of 
the sequence, as it differs from zy in at least the jth decimal 
place. Also the decimal is a number in 0 < y <l, so that 
we have a contradiction. This proves the theorem. 

The theorem shows that not all infinite sets are countable. 
Often it turns out to be important to find whether a particular 
set M is finite or countable, or whether it is infinite but 
uncountable. 

Ex. 12.1. Show that the rationals are countable by putting 
wir = j/k, obtaining a sequence {xn} of distinct numbers, and 
then considering 0,21’, —ay’,a9’, —29’,... 

Ex. 12.2. Show that the irrationals are not countable. 


13. The real line 
The basic result of real variable theory is as follows. 


THEOREM 13.1. A non-empty set S of real numbers that is 

bounded above by a number b, so that x < b for all x in 8, has 
a supremum (least upper bound) u, i.e. there is a real number u 
such that x <u for all xin S; and if v <u, there is an x of S in 
v <æ < uj Clearly u < b. A non-empty set S of real numbers 
that is bounded below by a number c, so that x > c for all 
x in S, has an infimum (greatest lower bound) w, i.e. there is a 
real number w such that x > w for all x in S; and if v >w, 
there isan x of Siny >x > w. Clearly w > c. 
We either prove this theorem from the particular con- 
struction of the real numbers used, or we can take it as an 
axiom. The latter is the course we adopt here. The second 
half of the theorem can be deduced from the first half on 
replacing x by —x. 


PE 


ie 


$13] HE ¡RIEMANN-COMPLETE INTEGRAL 17 


THEOREM 13.2. Let g be a bounded above and monotone 
increasing function of u, i.e. g(u) < e(v) <b for some b and 
all u <v in the range considered, which can be the positive 
integers (when g(u) forms a real sequence) or the positive real 
numbers. Then there exists 


lim g(u) < b 

Uno 
Let Sı be the set of g(u) for all u in the given range. Then 
Si is non-empty and is bounded above by 6. Hence by 
Theorem 13.1 it has a supremum, say, gı, such that g(u) < gı 
for all u in the range, and if gə < gı there is a v of the range 
such that 


g2 <g(v) < gı 


Then for all w in w > v we have by monotonicity, 


g2 <g(v) < g(w) < gı 


and the theorem follows. 
There are several variants of this theorem. For example, 
g can be bounded below and be monotone decreasing, 


glu) > g(v) > b (u <v) 


and we obtain the existence of the limit. Further, for suitable 
ranges of u the limit can be 

lim, lim, lim 

u>-00 u-a- urat 
The last two limits are taken as u >a, with u < au >a, 
respectively; and if applied to g, the respective limits are 
denoted by g(a—), g(a+). 

Two real numbers u <v define four intervals, namely, 
u<«a<v, written [u,v] and called closed; u <x <v, 
written (u, v) and called open; u <x < v, written (u, v] and 
called open on the left; and u <x <v, written [u, v) and 
called open on the right. An vinu <æ <v is said to be inside 
all four intervals. An elementary sei is a union of a finite 
number of disjoint closed intervals. Two intervals or elemen- 
tary sets are overlapping (non-overlapping) if they have (do 


not have) an open interval in common. Thus two intervals 


e non-overlapping but not disjoint, having a common 
end-point. 
A division 2 of an elementary set E is a finite number of 
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disjoint intervals [w,v) contained in E, such that their 
closures [u, v] have union E. We sometimes use the notation 


Blu, v} 


to point out the general interval [u, v) of 2. This apparently 
arbitrary choice of intervals open on the right is made to 
avoid repeated remarks about common end-points v of 
intervals defined from u <v,v <w. For 


[u, v) y [v,w) = [u,w), 


a union of two disjoint sets; whereas, for example, the first 
set of 


[u,v) U (v,w), [u,v] U [v,w) 


has v missing, while the second is a union of non-disjoint 
sets. We could alternatively have used intervals open on the 
left, in every division in the book. Further, we use finite 
unions E of closed intervals because we often need to consider 
the set Sa of end-points of intervals of all divisions of E, and 
Sa = E. 

We now have the covering theorem of E. Borel (1871- 
1956). 


THEOREM 13.3. Let F be a family of open intervals such 

that each point of a closed interval [a, b] is inside an interval 
of F. Then a finite family F, of the intervals of F will cover 
[a, b], i.e. each point of [a, b] will be inside one or more of the 
intervals of Fy. 
Let S3 be the set of all points x in [a, b] such that [a, x} (if 
x >a) or a (if x = a) can be covered by a finite number of 
intervals of ¥. The point a is in an interval of Ž, so that S3 
contains a and is not empty. It is bounded above by b, and 
so by Theorem 13.1 has a supremum vina < u <b. By hypo- 
thesis u is in an interval of Ž, say (u—2v, u+2w), for some 
v >0, and w >0, and u—vis in S3 or is less than a. Adding 
(u—20, u+2w) to the finite collection covering [a, u—v] 
(when w—v >a), or using (u—2v, u+2w) alone (when 
u—v < a) we see that the smaller of b and w+w is in S3. 
This contradicts the definition of u, unless u = b and the 
theorem is proved. 

Ev. 13.1. Prove (2.5) from D(H—H;) = 0, by using 
Theorem 13.3. 
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The following sections 14 and 15 are _not_needed in the bulk 


*14. Open sets 


% A set G of real numbers is open if each point of Q is in an open 
Ti interval wholly contained in G. 
P llo, 


7 Tan OREM 14.1. An open set is the union of a finite or 
countable number of disjoint open intervals. 

For fixed x in G let S be the set of points u such that (a, u) 
] isin G. By definition S is not empty. If S is unbounded above 

then, given any u >x, there is a point w of S greater than u, 
| so that u is in S, and (x, +00) isin G. If S is bounded above 
then it has a supremum v. Ifa <u <v there is aw ofS in 
u <w <v, so that u is in S, and (x, v) is in G. If v is in G, 
there is an interval (u, w) in G with u <v <w, by definition, 
so that wisin S, and yetw >v. Hence vis notin G. Similarly, 
for some t <2, (t, Œ) is in GQ but t is not in G. An interval 
(u, v) in G, with u, v notin G, can be called a component interval 
of G. Thus we have proved that each point of G lies in a com- 
{ ponent interval of G. Two distinct component intervals of G 

cannot overlap, or else one of the end-points lies in the union 


of the intervals and so in G, contrary to hypothesis. lA 


By the transformation y = t(x) of Section 47 (p. 115) a 

real number y transforms into an x between 1 and —1, an 

4 open interval into a finite open interval, and disjoint intervals 

into disjoint intervals. Thus we can suppose for simplicity 

that G lies in (—1, +1). Let G have m component intervals 

of length greater than 1/n. Their total length cannot exceed 

2, so that we have m/n < 2, m < 2n. Thus we can put in order 

from left to right the intervals with length greater than 4, and, 

| after them, put in order from left to right, the intervals with 

| length between 4 and 4, and so on. At each stage we have 

| only a finite number of intervals, so that we have proved the 
theorem. 


Tt 

if} v- THEOREM 14.2. A union and a finite intersection of open 
sets are open. l 
For suffices « that need not be countable, let Ga be open, and 


t 
a U = |U 


n, 


(23 
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If x is in U, then there is at least one a for which g is in Gz, 
so that æ is in an open interval wholly contained in Gy, and 
so in U. Thus U is open. 

If the « are restricted to values j=1,2,...,n, with 


n 
W = N Gy, 
jel 


and if v isin W, then g is in G; for 7 = 1, 2, ...,n. Hence g is 
in an open interval J; wholly contained in G;. The intervals 
Ji, ..., Jn have an open interval J in common that includes x. 
As J; is wholly contained in G}, so is J, so that J is wholly 
contained in W, and W is open. 

Ex. 14.1. Find an example to show that the second part of 
Theorem 14.2 is false for even a countable infinity of open 
sets Gj. 

(The open intervals ( —1/j, + 1/j) have intersection con- 
taining 0 only.) 


*15. Limit-points and closed sets 


A point xv is a limit-point of a set X of points on the real axis 
if, for each e > 0, there are points of X other than x in the 
interval (1—e, 24€). An isolated point of X is a point of X 
that is not a limit point of X. The set X’ of all limit-points 
of X is called the derived set of X, and the union of X and X’ 
is X, the closure of X. To show that this definition of derived 
set agrees with that given in Section 33 (p. 71) we have only 
to observe that if 2 is in X’ there is a point xı, not a, in 
(e—1,%+1) N X, and then a point xe, not x, in (1—|2—21l, 
æ+|z—zıl|) N X, and so on, so that the point œ lies in the 
derived set of X according to the definition in Section 33 
(p. 71). The converse is clear. e 

A set F that contains all its limit-points (F’ < F, F = F) 
is closed. The letter F is from fermé, French for closed. A set 
X is dense-in-itself if every point of X is a limit-point of 
X(X < X’). Aset P that is closed and dense-in-itself (P = P’) 
is called perfect, and hence the P. 


THEOREM 15.1. The complement of an open set is closed, 
that of a closed set is open. 
Let @ be open, and let x be a limit-point of OG. If æ is in G 
there is an e > 0 such that (1—e, +e) is in G, and contains 


— 


— 
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no point of CG. Thus x cannot be in G, and so isin CG. Thus 
CG contains all its limit-points, and so is closed. 

Let F be closed, and let x be in CF. As F” is contained in 
F, x cannot be in F’, so that for some e >0 there is an 
interval (x—e, x<—+e) that contains no point of F, and so is 
wholly within CF. Thus CF is open. 


lo THEOREM 15.2. An inter section and a finite union of closed 


sets are closed. 


These follow from Theorems 15.1 and 14.2 on taking com- 
plements. For 


n n 
en Fa = UFa © UF =f) OE, 
j=1 j=l 
Ex. 15.1. Give an example proving that the second part 
of Theorem 15.2 is false for a countable infinity of closed 
sets F}. 
Ex. 15.2. Prove Theorem 15.2 without taking complements. 
(Let x be in X', where Ma = ON Fa. 
Then given e > 0, there is a y in X; such that 


0 <ly=xa| <e 


Then for each g, y isin Fo foreache > 0, andwisin Fy’ S Po. 
Thus v isin Xy. If xisin X's where 


n 
Xə = UF. 4 
j=l 
there is a sequence {vr} in Xz that tends to x. Then for some 
j =1,..., n, an infinite subsequence of {vx} lies in F}, so that 
æ lies in F'; © F}, and Xe E Xo.) 


16. Left-complete and right-complete families 


A family ¥ of intervals [t, x) is left-complete in [v, w], if to 
each v inv <u <w there is a ôı(x) > 0 such that [ż, æ) is 
in Ẹ for all tin x—81(t) <i <æ. Then [~—81(x), x) will be 
called the defining interval at x of L, and x will bo called the 
associated point of each interval [t, 2) in Y. The family Y is 
left-complete in an elementary set E if is left-complete in 
each closed interval contained in E. A family of intervals 
[x, u) is right-complete in [v, w] if to each x in v $æ <w 
there is a 32(2) > 0 such that [x, u) is in @ for all u in 
% <u < 24+82(2). The further definitions follow as for 2. 
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Using these kinds of families we are able to define an 
integration of Riemann type, the crucial theorem being as 


follows. 


THEOREM 16.1. If Z is left-complete, 
in an elementary set E, there is a division 


intervals of Zand 2. 
The proof for E follows from the proof for each closed interval 


of E. It is thus no restriction to assume that E = [a, b]. 
Then each point x of [a+82(4), b—81(b)] is in an interval 


(a—81(x), a +82(0)) 


and & right-complete, 
of E formed from the 


I(x) = 


formed from the interior of an interval of £L, together with 
an interval of 2. By Theorem 13.3 a finite number of inter- 
vals, say, I (x1), . - -, I(®n)» together cover the interval [a+ 52(@), 
b — 8:(b)]. Then Z(w;) must overlap with I(a;,1) for j = 0, 
1, 2, ..., n, if we put 


Ilzo) = [a, a+82(a)), Z(aen+1) = (b—81(6), b] 


Putting a = Lo, b = Ln+1» if 


ay <ty < tj tel (ay), tela = 


then 
[e;, tse R, [ti, wji) f (j = 0, 1, 2, ..., n) 


These intervals form the required division. 


Note that it may sometimes be possible to take ty = %j+1, 


in which case we can omit the interval [t;, &j+1); and ER, 
yT.. 


if it is possible to take} ty = aj. 

From this point onwards we denote the pai: 
use a suffix o, we denote the pair (Ly, Zo} by 
we say that A, is complete in E, a one-dimensional set, we 


shall mean that 


[by A; or, i 
A,. Also, if 


Ay = (Lo, Bo} 


where Z, is left-complete, and Ze right-complete, in the 
elementary set E. This will simplify many statements, and 
will be useful for those who would like to connect this book 


bended ia} ith zof-33. Two-dimensional sets are discussed in Chapter 6. 
A E y 
es dently of the paper by N. Lusin (1911-12). 


“=24 This was discovered indepen 


See Section 50 (p. 124). 
į Theorem 16.1 shows that the pair { 
+ ir Henstock (1961a). 


of th 
knowledge of that paper. 


L , Ry is complete in E,in the sense 
This book can be read without a 


| 
| 
} 
| 
A 


of M that tends to x. 
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THEOREM 1 

y eM 16.2. Let Mb 

in [a, b]. e a set of por 

1. Then we can restrict the E al denset 
iJ =0, > 2... n) 


of Theorem 16.1 je ù 
-l to lie in M. Similarly for an elemenia 
ry set E, 


Ex. 16.2. E g i 
= : contajns L, which is left-compl i 
eft-complete in Æ. Similarly for p pe 
1 con- 


de the intervals of L, P 
v. 16.5. Lot $ the 
kire i J E ie the family of all interval i 
pee Aa <S 2u. Then ¥ contains no i A 
alos arbitrarily small aeea ae a 
k ut if Ag 


is defined by 
0 
<ó1(2) < 42,0 < s(x) < žele > 0), 82(0) >0 


aes that Az does not use any 
v. 16.6. Generally. 
[0, 1] with í 


interval of 4 
: y : 
et Fn be the family of all [u, v) in 


u(n+1)/n <v < 


If Asn is defined le un|(n—1) (n > 2) 


0<8 x 
1(2) < 2/(n+1), 0 < 82(2) < 2/n(a > 0), 82(0) > 0 


show 
that Asn does not use any interval of 4 
~ ne 


Ez. 16.7. Sho 
fe w that if the 4 
compl i 9 a i 
plete set in [0, 1] must use fr he aS Ae es 


Us, 
n=2 


A, 
5 are both complete in E, then so is 


in [a, b] there corresponds 


Ex. 16.8. If As, 


T That isgto e, 
ach x 
a sequence (my) of Points 


c 


bet 


antl 
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{£41 Ls, Ra N Bs}. We denote the latter O by 
A4.A5, the product of z and pee Then we can wr 
S Lo, Ra S Rs. j 

poa Er e u Ea then 6;(u), Sw), k= or ae = 
varied independently. Hence show that s = a eae 
elementary set H there corresponds a comp. 4 es se =i ae 
we can construct from the Ag¢(x) a single x co: ra 
with 8;-functions at + equal to the correspon Dg oy oe 
at x of A¢(z). We can even take two Ag(x) for eee fates a 
the left-complete family from one, and the right- 

family from the other. 


17. The integration of point functions 


If A is complete in E, let A be the family of eae s a 
formed from intervals of L and = into Pe l a me a 
i tached to each division ab sta i 

E N interval is taken. Thus if exactly m TEU RSM 
division come from both Z and Awe sere ss Cae 
specifications solely by altering the family E MO 
or more of the intervals come. By Theorem 16.1, 

es a finite real or complex-valued point function in an 
elementary set H, and if 


Díu, v} € A, let (D)X f(x)(v—w) 


denote the sum over the division 2, where wis ee 
oint of [u, v), according to the given spec Es ah 
dalt by S(f, x; A; E) the family of all such pce aca 
Din A. Then the real or complex number Tis sae 
integral using complete sets, or the R eee de de 
of f in E, if the sets S(f, x; A; E) shrink up a elpe a 
finer and finer A; more exactly, if, given e ae A 
be so chosen that S(f, ~; A; E) lies in the “n ni e 
mplex plane with centre I and radius e. Sl 
a pe I must be real, and the sets must clearly 
[7 Ae I+e]. We write I compactly as 


RC(f, x; E) 
or, in a more usual form, 


(RC) f sas 


If X is a set on the real axis we denote by ch(X) = ch(X; x) 


$17] 


its characteristic function, the function that is equal to lin X, 
and to 0 elsewhere. By using this we can integrate in X, 
relative to E, by replacing f by f.ch(X). In this way we can 
integrate in arbitrary bounded sets. For unbounded sets 
we use the theory of Chapter 7. 

More generally, we can replace ~ in the definition of 
Riemann-complete integration by another point function 
g of x, obtaining the Riemann-complete integral 
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RO(f, 9; B) = (RO) f fag 
E 
by using sums 


(9,2 flx){g(v) —g(u)} 

Ex. 17.1. Show that two different c 

have the Property of I, for the same F 
RO(f, x; E) is uniquely defined. 

Ex. 17.2. If H is the indefinite Ne 

function f in [a, b], show by usin 

complete integral of f in [a, 


omplex numbers cannot 
æ, E, so that, if it exists, 


wton integral of a finite 
g Section 4 that the Riemann- 
b] exists and is equal to 


H(b)—H(a) 
Ez. 17.3. By using (3.1) to (3.4) and Section 4, and taking 
0 < 812) <8, 0 < da(2) <5 


show that if the Riemann integral of the bounded function f 
exists then so does RO(f, e; [a, b]), and they are equal. 

Ex. 17.4. If the Riemann-Stieltjes integral of J with respect 
to g exists in [a, b], prove that RC(f, 93 [a, b]) exists and is 
equal to it. 

* Hei 17.5. If the Pollard—Getchell integral of f with respect 


to g exists in [a, b], prove that the corresponding Riemann. 
complete integral exists and is equal to it, 


18. Functions of intervals, 


The intervals in our divisions are 
function h of such intervals, 
in an elementary set E if to 
the right there is assi 


all open on the right. A 
or an interval function, is defined 
each interval in Æ and open on 
gned a number. We write has, 


v) in 
place of h([u, v)). In Section 17 we first used the interval 
functions 

Folv—u), f(u)(v—u) 
i El x 
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and then the interval functions 


HoMglo) —g(u)), F(u){g(v) —9(u)} 


A most fruitful generalization is to use two interval functions, 
one to be associated with intervals from an F, and one with 
intervals from an Æ. The definitions are as follows. 

If hi, hy are two interval functions we denote the pair by 
(hi, hr} or by h. If A is complete in E, and if A is obtained 
from A, and if 


Hu, v} € A, let (D) DX hsu, v) = (D)D hs 


denote the sum of hs over the division 2, where s =1 if 
[u, v) is counted to be from Y, and s = r if [u, v) is from 2. 
We denote by 


S({hi, hr}; A; E) or S(h; A; E) 


the collection of all such sums, for all 2 in A. Then the real 
or complex number I is the Riemann-complete integral of h in 
E if, given e > 0, we can choose A so that S(h; A; E) lies in 
the closed circle with centre J and radius e. The notations 
for I are 


RC(h; E) = RO({h, hr}; E) = (RO) i. (hz, hr} = (RC) de h 


For *kimplicity, when hi= hy =h, we replace {h,h} by h. 
Also, if fis a point function the pair of interval functions 


S(e)hi(u, v), f(u)hr(u, v) 


are written more simply as {fh1, fhr}, and the more usual 
notations for the integral are 


(RO) f fa h) = (RO) f fab 


There are no clashes of notation. For in S(f,9g; A; E), 
RC(f, g; E), the f and g are point functions. In S(h; A; E), 
S({hi, hr}; A; E), RO({hi, hy}; E), RC(h; E), the hj, hy are 
interval functions. In S(h; A; E), RC(h; E) the his an interval 
function. Finally, in S({fhi, fhr}; A; E), RC({fhi, fhr}; E), the 
fis a point function and the hi, hy are interval functions. 

Ex. 18.1. If the Burkill integral of h exists in E, then 
RC(h; E) exists and is equal to it. (Follow Ex. 17.3 and 
Ex. 17.4.) 


Wi, JARY Sate L,” Suck lean des 
AAA 
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5 19. Distributive functional 
DI A functional of the pair h of interval functions is defined in a 


family 2 of pairs, if to each pairin 4 there is assigned a real 
or complex number. The functional P of h is distributive if-for 
arbitrary real or complex constants a, 8, and arbitrary pairs 
h, h* from Z, we have 


(lahat Bhit, ahr+ Bhy*}) = apííha, hr) + Bp({hr*, hy*}) 


© THEOREM 19.1. Let Z be the Jamily of all pairs of interval 

r iA 4 ffmetions that havea Riemann-complete integral in an elementary 

— I" “set E. If a, B are constants, and if h, h* are in Z, then so is 
{ahı + Bhx*, ah, + Bhy*}, and the Riemann-complete integral is a 
distributive functional in Z. 


j To each e > ( there correspond A, Aj, complete in E, such 
/ that if 2, Dy are from A, As, respectively, and 


y I= EC(h; E), I* = RC(h*; E) 
y then 
423,2 1—(D)E h| <e ¡M-(D)E hël < e 


Further, by Ex. 16.8, Az = A.A, is complete in E. If 9 = Dy 
is taken from Ag, 


lal + BI*—(D)X {ahs + Bhs*)] < e(la)-+[B]) * 
Hence the result. 


Ñ Tikit corn 19.2. If hs, hs*(s = l, r), I, I* are all real and 
i ® I+iI* is the Riemann-complete integral of {hı -+ih;*, hy +ih;* 
3 gan E, then I, 1* are the respective Riemann-complete integrals 
Tho" “of h, h* in E, 
Given e > 0, there is a set A3 complete in E such that every 
} ' division Da from Az satisfies 


Y y € > |1411*—(Da) E {hs +ihs*}| 
=11- (Da) E hs +iI*— (D) E hs*)] > |L—( De) E hel 


Thus I is the Riemann-complete integral of h in E, and 
similarly for I*. This is a partial converse of Theorem 19.1. 


20. Order relation 


After addition, and multiplication by constants, we next 
examine the relation < for real interval functions. 
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AZ 
Se r < hy* in 2, where . 
'Mann-complete integrable 
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THEOREM 20.1. If hy < h;* in Lh 
` E Ex. 20.1. Using Ex. 16.6 we put 
a 


Mal) 
A is complete in E, andifh, h 


ith s în E, then 


v 


44S ry 2.3.5 v—u (luv) e Frj >1) 
lt, o) RO(h; E) < RC(h*; E). (20.1) EXE? su, o) = hilu 0) = | 
j If in the same L, R 0 otherwise 
e = Then we have 
hs! >0 (j= 1,2,..); h =X hal (s = 1, r) v—u (u <v < 2u) 
wh > j=l Dl hi(u, v) = hy(u, v) = | à 
in a e h hr), {hil, hr!) have Riemann-complete igre “E | iii 
» | p 4 
poe É | RC((h13, hri}; [0, 11) = O(7 = 1, 2, ...), RC((ha, hr}; [0, 11) = 1 
z i į Ex. 20.2. If in Ex. 20.1 we put 
RC({hy hr}; E) > XZ RC(hy, hy}; E) es | / 


jel 
(fiere the hsi are not 

p powers of hs. 

Let I, I* be the first and es 


: b second integrals, re i 
in (20.1). Then given e > 0, there are Az, Ao, bae 
, 


d 00 

f k Tar = ha = È h 

L Ex 2.3 be "a 

then (hz, hn} is not Riemann-complete integrable in any 
interval of [0, 1]. Given a set A4 complete in [0, 1], let S be 


such that every division D fr 


om Ay, Dy from Ag, satisfy 
II—(D) E hol < e, I*— (21) E hs*| < € 

As by Ex. 16.8, Az = A.A E 
B= 21 from A3 and obtain 


IS (9) h < (DED dy <The 
Ase >0is arbitrary 


For (20.2) we use. 
each n, 


we obtain the first result, 
(20.1) and Theorem 19.1, obtaining for 


n 
hs > Y hei (s = 1,r) 
j=1 


n n 
RO({h, hy}; E) > ECUX ha, Y hri}; E) 

ji jot > 
Then (20.2) follows on letting n > œ 
f Strict inequality can occur in (20.2) : 
it 18 necessary to assume that (ho, 7 
integrable in E, as this cannot be 
hypotheses. See Ex. 20.2. 


Thus theorems on the j 
: s interchange of inte imi 
ie pra pairs of interval functions. Pea oe ee 
pters 4 and 5 cover all the cases of Lebesgue ihera q 


= Y RO}; B) 
f=1 


see Ex. 20.1. Further, 
hy} is Riemann-complete 
deduced from the other 


-A2 is complete in E, we can take 


the set of all x in [0, 1] such that either x = 1 or the supremum 
of finite sums of hs over divisions from Ag over [x, 1] is 1—xw. 
If a is the infimum of S then 0 < « < 1. Also a. is in S. If 
a > 0, there is an integer n such that the interval 


[(2n—1)a/(2n), a) 


of Fan is in La, and then (2n—1)a/(2n) is in S, contrary to 
the definition of a. Hence « = 0, and the supremum of finite 
sums of hs over divisions from A4 over [x,y] is y—w, for 
0<2 <y <1. Similarly, replacing 2n by 2n+1, we prove 
that the infimum is 0 and the Riemann-complete integral in 
[x, y] cannot exist for 0 <v <y < 1. 

“Ex. 20.3. If on X,m = inff and M = sup f, while f = 0 
on OX, if hs > O(s = l, r) and if {ch(X)hz, ch(X)h,) is Riemann- 


AN complete integrablo in Æ, then the Riemann-complete 
i} t pen of {fhi, fhr} in E, if it exists, lies between m and M 
4 


mes the Riemann-complete integral of (ch(X)h1, ch(X)hy}. 
(For mhs < fhs < Mhs on X.) 

Ex. 20.4. If, in Ex. 20.3, f is continuous and E = [a, b], 
then there is a éin a < £ < b such that 


ROQ fha, fhr}; [a, bI) = HERO (a, hor) [a, BD), 


(Take X = (a, b] also.) 


V S \ 


lekun ROAT the, union o dijo avalh 0 01G=L,- A 
rther, the Sal f is nately a ibadditive in E le Smualy J 


> 
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21. Additivity in elementary sets 
An interval function h is finitely additive in an elementary 
set E if 

h(u, v) +h(o, w) = h(u, w) 


(all u, v, w with u <v <w and [u, w] < E) (21.1) 


If E, is an elementary set in E we can then define h(E1) to be 
the sum of h(I) over the finite number of disjoint closed inter- 
vals I with union £1. Then if 21, Ea are two non-overlapping 
elementary sets in E, 

h(H1)+h(Be) = ME1 U E2) (21.2) 


Alternatively, if h is defined for each elementary set H; in E 
and satisfies (21.2), then h is finitely additive for elementary 
sets in E. If h is finitely additive in [a, b], and if we write 


Ju) = h(a, x) 
then fora <æ <y < b we have 
fly) = h(a, y) = h(a, 2) +h(x, y) = fix) +Mz, y) 
( 
Me, y) = f(y) —f(2) 


We write this difference as Hy(w, y). Result (21.3) is true 
also for « = a if we define f(a) = 0. 

The real interval function h is finitely superadditive in E if 
(21.1) is replaced by 


21.3) 


h(u, v) +h(o, w) < hu, w) 
(21.4) 
(allu, v, w with u <v <w and [u, w] S E) 


PA 
ivision of an 


superadditive in E. Qa 
It follows by induction 
interval J, 


if D{u, v} is a 


(D)X h(u, v) = UJ) (21.5) 
when h is finitely additive; if h is finitely superadditive, 


(9) E, hlu, v) < MJ) (21.6) 
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while if h is finitely subadditive, 


(9) E h(u, v) > h(J) (21.7) 


AS ¡O 21.1. If RC(h; E) exists then RO(h;E1) exists 


7 


i 
1 
] 
| 


ifor each elementary set Ei S E, and is a finitely additive 


a) Vv function of such E1. 


If E, < E, there is an elementary set Es, non-overlapping 


r [with Eı, such that Eı U Es = E. If A is complete in F, if 
lo ` Si, Se are sums over two divisions of E, and if S is a sum over 


E 


a division of Ez, the divisions being obtained from A, then 
Si+S and S248 are sums over two divisions of E from A, 
and so lie in S(h; A; E). Given e >0, this set lies in the 
closed circle centre I = RC(h; E) and radius e, for suitable 
choice of A. Hence we obtain a condition similar to that for 
a fundamental sequence, namely, 


18, —Sa] = |(S1+S)—(S2+S)| < 2e (21.8) 
A fundamental sequence of real or complex numbers is con- 
vergent. Here we prove that sums such as Sı, Sa are ‘converg- 
ent' in the generalized sense that uses complete sets. 

If we replace e by 271 we have to replace A by Ai/ complete 
in E, from which we obtain divisions of Ey and so sums S3/. 
We ensure that 


LI > LP > LP... 


and similarly for %11, by replacing Ai? by Ajl.Ay?, A38 by 
A11.A12.A33, and so on, if necessary. Then a sum Sg* is a sum 
S31 ifj <k, and from (21.8), 


|Sgi—S3*| < 2-41 (j <k;jk =1,2,..) (21.9) 


Taking a fixed sequence {S34}, it tends to a limit, say Iı. 
Then from (21.8; 21.9) 


[SH] < 2772 (21.10) 


where now S3/ is any point in S(h; A11; #1). Thus (21.10) 
shows that the latter set lies in the circle centre 11 and radius 
9-3+2, Hence the Riemann-complete integral of h exists in 
E, with value Jı. Similarly for Hs, with integral 13 say. 
Finally, if from A1 we obtain sums Sf for Hy, Sa? for Es, 
then S3/-+S4/ are sums for E; and S3/ is in the circle centre J}, 
radius 2-J+2, while Sa? is in the circle centre Is, radius 2-1+2, 


Vialia fo gj Eh); As E) 


32 THE THEORY OF INTEGRATION [$21 
and S3i+S84/ is in the circle centre I and radius 2-4. Hence 
li+lo—1| < 9-2-5 (j = 1, 2,...), li4+l2 = I 


Similarly for each non-overlapping pair of elementary sets 
contained in E, proving the theorem. 
Note that for fixed E and variable X, it follows from 


Theorem 19.1 that 


(RO) f _ MX) dh 


is finitely additive in X whenever the integral is defined.j 
The given property in Theorem 21.1 corresponds to the finite 
additivity of the Burkill integral. From this property it is 
usual to deduce a theorem concerning partial sums. The 
corresponding theorem here is as follows. 

First, let Az be complete in Æ. Then each sum 


(2) E hs(u, v) (s = lif [u, v)e Le, s = r otherwise) 


obtained from h and a finite collection 2 of disjoint intervals 
in E from %2 U Ro, is called a partial sum in E using Ag. 


Lot 
P(h; A2; E) 


be the set of all partial sums in E using Ag. We call P the 
variation set of h in E, using As, the reason for the name 
is given later. 

Secondly, we say that h is continuous at x, if hi(t, x) > 0 
ast > x—,hy(x, u) > 0 as u > x+ ; and that h is continuous 
in E, if the limits are 0 for all x, with t, u restricted to lie in HE. 


Thus if v is not in E, the definition is vacuous; while if x is a 


boundary point of E, the definition is one-sided. 


E ta ik y 
Tiqh-8-3 [ay Ma 
“THEOREM 21.2. Let there exist RC(h; E), and put 


H(u, v) = RC(h; [u, v]) 
Given e >0, there is an A complete in E such that 
(21.11) 
1 Later, we will be able to take E as the whole axis, and then this result 


will correspond to the finite additivity of the Lebesgue integral in the sets 
over which it is defined. Complete additivity will come later, as well. 


TX 


fon 


Th. 2.5.4 (2 8, /9)=. 
21] e \ 
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lies an the circle centre 0, 7 T=— ro 
e adiu . 
, S 2e Further, {h H, h H} 


? li _ 4 7 
| ‘m (H(t, x)—hı(t, x)) = 0 of for some t < x, [b, x) SE (21.12) 


lim (H(x, u) —h,(x, u)} = 0 if for some u > x,[x,u) CE (21.13) 


f 


and if we put ks = h,—H (s = 1, r), we have 
RC((Ikil, [kr]); E) = 0 (21.14) 


Let A be as in Theorem 21.1 
A bo as «1, and let 2 b i i 
ra o! “gee in E from Ly 2. ics we lee te 
rvals o: , is a finite union of intervals, to i i 
1 > > A ether 
E finite number of isolated points. Let Ea be PA Nerd 
aa ñ rro closed intervals. By Theorem 21.1 
4) oxists, so that there is a divisio 2 a 
Az = A.A3 complete in Ha, such that 5 i Ge 
(21) E he(u, v)—H(Ea)] <e (s = lif [u, v)je Ly; 
and otherwise s = r) (21.15) 


By (21.15) and T . 
of E from As di E 21 gives a division 


(2U 22 hs(u, 1) —H(E)| <e, 
f 12) E (hs(u, v)—H(u, v)}] < 2e 
giving the first result. The continuit; 

t x y part (21.12;21.1 
rm on taking one interval in 2. For (21.14) we fst es 
os oe of 2 for which the real part ksı of ks is Doiitiva 

en Separately those for which ks; is negative, thus ob- 


g p ums. 
tainin; two artial s S. Doing the same for the Imaginar y 


(22 [sı] < de, ( 2) 2, [ls] < de, (2) Y) [le] < 8e (21.16) 


de 2 as a division of E we obtain (21.14) 

E = a If x is finitely superadditive, hi S xin Lah, < 

i 4, where Az is complete in E, and his Riemann-compl E 
integrable in E, prove that dd 


RO(h; E) < x(B) 


1 


| e)" 21.2. Let f(0) =1, f(x) =0(2 >0), and lot 
"Y K(0, v) = RO fhi, fhr}; [0, v)) 


, 22. Two integrability results 


ahá? 


D 
' 
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f 


exist for v = 1. 
and hence deduce that 


lim h,(0, u) 
u-0+ 


exists and is equal to K(0, 1). 


Th, 2.72 
THEOREM] 22.1. Let h be real and finitely subadditive. 
If there is an A complete in E such that S(h; A; E) is bounded 
above, with supremum s, then h is Riemann-complete integrable 
ón E with integral equal tos. However, if S(h; A; E) is unboun- 
ded above, for all A, then for each integer n there is an Ain 
complete in E such that each point of S(h; Ain; E) is greater than 
n. If h is real and finitely superadditive, and if Az is complete in 
E such that S(h; Az; E) is bounded below, with infimum m, then 
h is Riemann-complete integrable with integral equal to m. 
However, if S(h; Ag; E) is unbounded below, for all Ae, then 
for each integer n there is an Azn complete in El such that each 
point of S(h; Asn; E) is less than—n. , 

The second two results follow from the first two on putting 
—h for h. Let 2 be a division of E from A, and let La, Za 
be the families resulting from Z, Z, respectively, on remov- 
ing all intervals that do not lie entirely within some interval 
of 2. Then Aq is complete in E, and if Q, is a division of 
E from Ag, then by finite subadditivity we have 


(Ai) Uh > (D) Dh (22.1) 


In the first case we take the second sum in (22.1) to be greater 
than s—e, for given e > 0, and then every division 2, from 
Au gives a sum between s—e and s. Hence the first result. 
In the second case we take the second sum in (22.1) to be 
greater than n. 


yo lel THEOREM 22.2. Let g,g1 be two point functions that are 


WI EX ROU, 9510, 0) = RECS, gx; la, b)+ 
4 1 j +O) —91(0)} —f(a){9(a) —g1(a)} 
3 


equal at points of a set M everywhere denset in [a,b], and let 
RC(f, g;[a, b]) and RO(f, g1;[a, b]) exist. Then 
723 


(22.2) 


t Theorem 22.1 is like a theorem of Burkill for continuous finitely 
subadditive interval functions. 

ł That is, to each x in a < x <b there corresponds a sequence of 
points of M tending to x. 


ISE 
Prove that K(0, ~v) = K(0, 1) fof v > 0r, 


} $ 
ed | 
4 

‘ 


nS” 
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This shows that if g = gi at points of M, and if the first 
integral in (22.2) exists, then either the second does not exist, 
or else it differs from the first by a known simple function. 
Theorem 33.3 (p. 71) will complete the result. 

By distributivity (Theorem 19.1) we can assume that 
gı = 0, and then we apply Theorem 16.2. Here, M is the 
set of zeros of y. Given As complete in [a, b], there is a division 
Dz of [a, b] that uses the points of M for points t; and has 
a and 6 as associated points at the ends, and 


Fs Malas) —9 (6) +4 (esa {9 (t141) —9(2341)) 
= f(x g(t) —9(t1)) = 0, 
(D2) E f{9(v) —g(u)) = f(b)g(b) —fla)g(a) 
giving (22.2). 


*23. Stieltjes transformation 
This section is used in Theorem 53.1 (p. 180). 


THEOREM 23.1. Let ọ be a finite point function that is 
monotone increasing in x > 0, with 9(0) = 0, and put by) 
=infx for all x > 0 such that p(x) > y. Then we say that 
is the inverse function of ọ. It has the properties : 


(0) = 0, y (23.1) 
is finite and monotone increasing, and 
-)= 0 ž 

Fe te by—) = Uy) (y > 0) (23.2) 
hs(u, v) = 0 (s =1,r) if o(u+) = p(v) (23.3) 
hs*(y, 2) = 0 (s =1,1) Y (y+) = p(z) (23.4) 
hs*(y, z) = he(¥(y-+), Y(2)) (s = 1, 1) otherwise. (23.5) 

Then sá 
RC(h; [4(a), 4(b)]) = RC(A*;[a, b]) (23.6) 


in the sense that if the first integral exists so does the second, and 
they are equal. 


If we add the condition 


p(1—) = ox) (a >0) (23.7) 
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then the definition is symmetrical. The inverse function of 
bis ọ. 

Results (23.1) are obvious. To prove (23.2) let ¿(y —) = v. 
Then for all z <y-we have ylz) < v, so that inf x< v for 
all x > 0 such that (x) > 2. Hence by monotonicity, 


3 p(v+) >z for all z <y, so that p(v+) > y, which gives 


-L gly) <v. As v= Hy) Say) this gives (23.2). 


Pictorially, an interval ere q is constant becomes a 
jump of Y, and a jump of » becomes an interval where y is 
constant. If (b) =Y(a+) then @ has a jump from a to b 
at (b). Also hs* = 0. If b(a+) = (a) there is no interval 
for hs, so that (23.6) is trivially true. If (a+) > y(a) then 
p is constant between (a) and 4(b), and hs = 0, and again 
(23.6) is true. 

Thus we ean assume that (b) > #(a-+-). Let A be complete 
in [p(a), (b)] such that S(h; A; [J(a), y(b)]) lies in the circle 
centre z and radius a given e > 0, where z is the first integral 
in (23.6). Let Ai be complete in [a, b]. For each point y in 
@<y <b we consider the intervals [y,z) of Z. If 
gz) > Y(y+) while y(2') = p(y +) for some z’ in y <2 <z 
we omit [y, z). If (z) > byt) while [p(y +), y(z)) is not in 
Z, we again omit [y, 2). Otherwise [y, 2) is retained; and 
either ¥(z) = ¢(y+), which is then true for z in some right- 
hand neighbourhood of y, or y(2') > ¢(y-+) for each z’ > Y, 
and [4(y +), ¥(z)) lies in 2, so that z lies in some right-hand 
neighbourhood of y. Thus we obtain a family Zə contained 
in & and right-complete in [a, b]. Similarly we can define a 
left-complete family £2» in [a, b] that is contained in #1; and 
here the situation is slightly simpler since we have (23.2). 
Here, if [z,y) is in Zz then either %(z+) = d(y), or 
We+) <p(y) and [y(2+), #y)) is in 2. 

Lot 2 be a division of [a, b] from Ay, and let 2 be the 
collection of those intervals of Hy, z} with (z) >Y(y+). 
Then hs* is zero for the other intervals of 2. In turn, let 
2, be the collection of intervals [b(y+), (2), for [y, 2) 
in 2. Then [y(a), 4(b)], less the intervals of 21, consists of 
a finite number of intervals of the type [v(y), b(y+)) for 
various values of y, in which q is constant and so hs is zero; 
together possibly with a finite number of points, which are 
discarded. We can add to 21 suitable intervals from 
LU & to make a division Y, of [v(a), p(b)] from A, and 
we have 


(9,2 h =(2)2 h* =(2) hs = (21) È hs 


e a 
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and 
S(h*; Az; [a, b]) 
lies in the circle centre z and radius e. Hence (23 6) 


2 > PI Continuous, th 
) = (My +)) = Y> blo(y)) = inf x such that 


ie = oy), x > 0. 
2 > Uy) then p(x) > y, giving e(4(y)+) > y. If y < Hy) 
Hy) —) < Y. Thus the continuity of e e 
or the second, y+) =v implies that 
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0) = e(v—) <z 
This being true for allz > Y, we obtain 


Y 


Y = (by) < ANY +)) = ov) < y 


Hence the second result. The 


ee third follows from the definition 


THEOREM 23.3. Let f y 
cp Snes ye »& be point Junctions in x = 0, with 


oint intervals [uy, vy] for j=:1,2.. Let 
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Re ) Let Y be the inverse function af Ee p id 0°: 
and if either integral exists, then me reer 
(b) a 
(RC) fdg = 3 
vay 8 5 (RO) > £(L(y)) des 
4 Here, 9 is continu 
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Hee) ue e a o By so that 
k hs(u, v) = fi. : 
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hs*(y, 2) = f(y Hoal) guy) 


then (23.3; 93 4) are i 
| +33 Satisfied. As SF (us) = font — 

| and by Theorem 23.2, condition (23.5) is fille A Sue 

orem 23.1 gives the result, one way. Since p( 5 Ls 

—)=p4 


EA q 
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we can interchange » and y, so that the result is true the Other 
way. Colloquially, we have removed the intervals where g J 
constant, and have compressed the rest to a single oe . 

Hz. 23.1. In Theorem 23.1 prove formally that i ; y is 
constant, y has a jump, and conversely; while if y has a jump 
tden 9 is constant, and conversely. 


j 
1 


sá 


3 
VARIATIONAL PROPERTIES 
OF THE INTEGRAL 


24. The variational integral 


In this chapter we give a descriptive definition of the Riemann- 
complete integral and define the variation and inner variation 
of a pair of interval functions. We begin again with Ni ewton’s 
integral, given in Sections 2 and 4. The property (4.1) can 
be written 


H(t) -H (0) —f(0)(t—2)| 
e ula <x <x b, @—è(e, £) < t xæ) 
< 


x(z, ta Sv <b, <t < 2-h8(e, 2) 
where 


xv, w) = e(w—v) (a Sv <w < b) 


is a non-negative and finitely additive, and so finitely super. 
additive, interval function, with x(a, b) small for small e >0. 

Generalizing this to pairs of interval functions and a more 
general x1, we say that the pair of finite interval functions 
h* ¿s variationally equivalent to the pair h of finite interval 


A complete in E, and a non-negative finitely superadditive 
interval function x1 such that 
xu(H) <e 
Mat(t, 2) —hi(t, x)| < xilt, 2) (la, z) S E, [t, xe L) 
lhr* (x, u) —hy(2, u)] < 


(24.1) 
(24.2) 
xlv, u) ([e, u) © E, [x, we B) (24.3) 


If also hy* = h,* = H, finitely additive, then H (E) is called 
the variational integral of h in E, written 


v f _ {nhs} = (V) | E 


and we say that h is variationally integrable in E. As for 
Riemann-complete integration, the variational integrals of 
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the two point functions f, 9, of the single interval function 
h, and of {fhi, fhr}, aro written respectively as 


mf sam | am] w= (Vy $ fan 


If the last exists, we say that f is variationally integrable with 
respect to h in E. Integrals in a set X contained in E are 
obtained by putting in ch(X; x) as for the Riemann-complete 


integral. y 
Th, 2,504 

THEOREM 24.1. If H és finitely additive and variationally 
equivalent to h in an elementary set E, then the Riemann- 
complete integral RC(h; E) exists and equals the variational 
integral H(E), which is therefore uniquely defined by (24.1; 
24.2; 24.3) with hy* =h,* = H. Conversely, if RC(h; E) 
exists, then so does the corresponding variational integral, and 
they are equal. 
To prove the first part let D{v, w) be a division of E from A. 
Then if S is the sum over 2 we use (24.1; 24.2; 24.3) and 
(21.5; 21.6) (p. 30) to obtain 


|H(E)— S| = |(D)X (H(o, w) —hs(o, w)}| 
< (9) |H(v, w)—he(v, w)| 
<(D) 2 x(w, w) < xı(E) <e 


Thus the set S(h; A; E) lies in the circle centre H(E) and 
radius e. Hence the first part of the theorem. Conversely, 
let RC(h; E) exist. Then 


H(v, w) = RC(h; [v, w]) 


exists for all [v, w] in E, and is finitely additive, by Theorem 
21.1. Let us put 


x(E1) = sup( 91) x |hs(v, w)-H(o, w)| 


the supremum being for all divisions Difo, w} of an elementary 
set K1 in E, that are formed from an Ai complete in E. Then 
by Theorem 21.2 (21.16), (p. 33), we can by suitable choice 
of the Ay suppose that yp satisfies (24.1). The interval function 
is non-negative, and is also finitely superadditive since if 
`æ <y <z,[x,2] S E, a division of [x, y] with a division of 
[y, z] form a division of [x, z]. Taking the first two divisions 
so that the sums tend to the two suprema, the sum over the 
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combined division tends to the sum of the two suprema. This , 


proves finite superadditivity, It cannot give finite additivity” 3” 


since y may lie inside an interval of a division of [z, z]. B 
the method of construction of x2 it is clear that cr in 
are true, and further, that if Ay replaces A then xa is the least 


for properties of the variational integral. 
An equivalent definition intermediato 


RO((hi—Hl, (hr —H|); E) =0 


The Riemann-complete integral? is wholly constructive if 
the complete sets A are constructive. However the varia- 
tional Integral is descriptive, it is defined by certain of its 
Properties. It exhibits the tight linkage between the values 


| / THEOREM 24.2. If for fized x and some 


Met 3 >0,[x—8,x] < E, 
and 


j(x) = lim SUP yalt, x) >e SO (24.4) 
ieee 


TIt is as constructive as the Pollard—Getchell integral tios 5 


u 
4 


1 
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By Theorem 21.2 (21.12) we can replace s by r, H by h;, and 


where xa is the function of Theorem 24.1, then for a sequence then'-we have (24.5). 


(61) of t tending to x—, with [tk x) in Ay, i Now let us suppose that 
. > ra ae Y > € 9 i F 
e Be 8 cit | a <i <er <.. <a <in <en <b 
Points x satisfying (24.4) for some e” >O are at most countable. Then as xa is non-negative and finitely superadditive, 
A similar result holds Sor fixed x if for some 8 > 0, [x, x+8] < E. | n 
Here there is a sequence [u'x) tending to X+, with [x, U'x) in | > x2(te, Ex) < x2(a, b) <e, 
Li, such that k=1 á 
lim inflhi(x, uy) —hy(x, u’y)| > e (24.6) { and È j(2x) < e, jæ) > 0 (a <æ < b) 
k>% k=1 
If for fixed x, and some 8 > 0, [x—3,x+8] < E, then at least from which it follows that J(x) can be greater than 1/m for not 
one of (24.5; 24.6) or more than me points of a < x < b. Hence the set of points 
ences oi As A 7 ; at which j(z) > 0, is at most countable. 
lim inflhs(t do Wx) —ba(be, x)— h(x, w’y)| >e (24.7) Similarly for the case z <u. For the case t <a <ua 
holds. In (24.7), ie E EAEE [Uk 1) ve. in proof similar to the first Part shows that if (24.5; 24.6) are 
a à false but 
Pı U Pi, with the appropriate s. 
We can obviously suppose that E = [a, b]. From (24.4), as lim sup xl u>e>0 (t <s <u) 
xa is non-negative and finitely superadditive, ` tua 
t 
xalt, 2) > (t <2) ' hen 
lim inflhs(t’, w'r) —H(t’p, w’ >e 
Thus over each [£, x] there is a division Da from Ay such that ( ` — A) (Ex, t’x)| 7 
D hs—H| >’ 24.8 -N which.gives (24.7) by the use of Theorem 21.2 (21.12; 21.13). 
(9) 2 Ihs | A ( ) i Ex. 24.1. Prove that ye is continuous when hı, hy are con- 
We define {t’,} by induction, writing 1, = a, and [t k+, 2) as ] tinuous for [t, x), [x, u) and [t, u) ast >=, u > w+. 
the interval, with right-hand end-point x, from a division ¡ Ex. 24.2. Tf hy is variationally equivalent to he. the latter 
Dax of [t’x, x) satisfying (24.8). Let 2x be the collection of | being variationally equivalent to hg, prove that h; is varia- 
the intervals of 23r, less the interval [’x+1, 2). Then for each h tionally equivalent to hs. A fixe entary set E is to be 
integer m, i understood here. j - 2% ec ay 
m 1 “td A 
U 2 25. Order relation and integrability 
k=1 y To complete Section 20 for real interval functions, we can 
is also a 2 of this type, so that now give the following integrability result, which has many 
interesting and ¡mportant applications. 
m f a 
MR 
( 2x) 2 lts—H| < xa(a, b) <e THEOREM 25.1. Let hj(j = 1, 2, 3) be real and variationally 
ke 


From this, and (24.8) for the Dar, al 


i My tegrable in an elementary set E, with 
| 4 %s1 > hss (j = 1, 2;s =1, r), hs = max(hs1, hs2) (s = 1, r) 


lim( 2) E |hs~H| = 0 “4 (25.1) 
k0 liú inf|hs(t'x, 2) Hit», z)] >’ >0 (24 5) o ha is also variationally integrable in E. 
k>% N a 


į 
( 
| 
f 
ha 
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By Theorem 19.1 the variational integral is a distributive 
functional. Thus we can subtract hs3 from the other three 
pairs of interval functions in (25.1) and so assume that 


hs; > 0 (j = 1, 238 = l, r), hs4 = max(hsı, hse) (s = 1, r) 
(25.2) 
Let H; be the variational integral of hy(j = 1, 2), and put 


H; = max(H;, He) 


Then given « >0, there are Xj, non-negative and finitely 
superadditive and A; complete in E(j = 1, 2), such that 


x(#) < qe (j = 1, 2) (25.3) 
lhs;—Hjl < xy (25.4) 
(s =l, r, for intervals in Fi, By, respectively; and j = 1, 2). 


Putting As = Aj.As, and taking the intervals from the 


Y 
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and H,+Hs is finitely additive. By (25.7; 25.8), H3 satisfies 
all the conditions of Theorem 22.1, first part, and so has a 
Riemann-complete integral, H4 say, that is variationally 
equivalent to Hz. In turn this is variationally equivalent to 
hy. Thus by Ex. 24.2 there exists 


(V) J ba = Hale) 


€ i.e. 
| (V)} {max hij, max h,;} 
E j=1,2 j=1,2 
= (V)f mex[(1)J(up hd) 255) 
E j=1,2 

1 
| proving the theorem. 

From Theorem 25.1 we can deduce the following important 


results concerning absolute integrability of pairs of real 


appropriate family £3 or Zz, (25.4) gives 
hey < Hj+x; < Ha+yi+y2 (j = 1, 2) 


: : > $ i y an | 
interval functions. Ipu for Bias lore Se Th.S f Rely 4 f En 


Mg 
THEOREM 25.2. Lef h be real and variationally integrable in” i 
a) ( 


hsa <H3+x1+xa (25.5) 
Also from (25.4), 
Hy—x1—x2 < Hy—yy < hoj < haa (j = 1, 2) 
H3—x1—x2 < hsa (25.6) 


From (25.3; 25.5; 25.6), ha is variationally equivalent to 
Hs. However, Hz need not be finitely additive, so that it is 
not necessarily the variational integral. We have to integrate 
H3, and we note that 


H3(u, v) +Ha(o, w) > Hy(u, v) +H;y(o, w) 
= Hj(u, w) (j = l, 2;u <v <w,[u,w] < E), 
Halu, w) < Ha(u,v)+Hs(v, w) (u <v <w, [u, w] < E) (25.7) 


and H; is finitely subadditive in E. Also, successively, we 
have 


hes > 0 (j =1,2;s =1,r), Hy > 0 (j = 1, 2), 
H; < Hı+Hə (j = 1, 2), Hs < Hi+Hg (25.8) 


e 


5 an elementary set E, and let there be a set Ag complete in E, and 
fa a number M, such that every division D of E from Ag gives a 


] sum | 2 
y TA. 2.7.3 
R (9) ths] < M 
Then {|hi|, hrl} = |h] is variationally integrable in E. 
Let us put 


on a 


hs(1) = sup( 21) È |hs| 


over all divisions 2; of I from Aa. By adding a division from 
A4 over the elementary set formed by closing the intervals of 
E N CI, we see that 


0 < hs(1) < MU < E) 


so that hs is finite. It is clearly finitely superadditive with 
S(hs; Aa; E) bounded below by 0, so that, by Theorem 22.1, 
hs is Riemann-complete integrable. Thus Theorem 25.1 gives 
the result, since 


eet Ree: <a 


hs > —hs, —hs > —hs, |hs| = max(hs, —hs) 


THEOREM 25.3. Let (fh,, fh,) be real and variationally 
integrable in an elementary set E, and let If] < g, where 
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íelh1l, glhr|} is variationally integrable in E. 
Then I£llhil,1£|lhr]) is variationally integrable in E. 
We can apply Theorem 25.1 since 


Jhe > —glhs|, —fhs > —glhsl, max(fhs, —fhs) = 1£1-1%s] 


THEOREM 25.4. Let h, |h], (£hy, fhr}, (1£][h11, [£][hr]) be real 
and variationally integrable in E. Then if « is a real constant 


{max(fh), whi), max(fh,, ahy), 
and 
{min(fhy, ahı), min(fhy, oh;)} 


are also variationally integrable in E. 
For by the distributivity of the integral 


(14 [+ lal) eels (14 lA lod) irl} {xr ahr} 


are also variationally integrable in E, while 
(—If 1—10])1Ms] < fhs, (—If |—lal)las] < dhs (s = 1, r) 


Thus Theorem 25.1 gives the result for the max, while the 
min follows from 


min(fhs, ahs) = ahs+fhs—max(fhs, ahs) (s = l, r) « 


Theorem 25.4 is usually considered for the case hs > 0, 
hi = hy, these being finitely additive. 


26. Variation 


The property of variational equivalence of h* with h is by 
(24.1) for the non-negative finitely superadditive yı, equivalent 
to a statement that in some sense, (hy*—h;, hy* —hy) is of 
variation zero in E. To generalize this property, a pair h of 
interval functions is said to be of bounded variation (VB*) in 
an elementary set E if there are an A complete in E and a non- 
negative finitely superadditive interval function y such that 
x(#) is finite and 


lhi(é, x)| 
lhr(w, u)| 


x(t, x) ([t, x) e L, [t, x) < E) (26.1) 
x(a, u) ([x, u) E 2, [x, u) < E) (26.2) 
The variation of h in E is 


V(h; E) = inf x(E) 


A A 


(26.3) 
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for all such y. If there is no such y we write the right-hand side 
symbolically as +020. If the infimum is 0 we say that h is of 
variation zero in E. Thus h and h* are variationally equivalent 
in E when {hi—h1*, hr—hr*} is of variation zero in Æ. Further 
we can now replace in Theorem 25.2 the condition that the 
sums over divisions, of the moduli, should be bounded, by the 
condition that h is of bounded variation. Similar definitions 
can be found for a point function g by putting 


hilt, u) = hy(t, u) = g(u)—g(t) (all [£, u] < E) 


More generally, let X be a set of x, not necessarily lying 
entirely in E. Then the definitions that h is of bounded varia- 
tion in X, relative to E, and of the variation V(h; E; X) in 
X, relative to E, are obtained on adding (xe X) to the con- 
ditions in (26.1; 26.2). Thus we can now define the properties 
that h is of variation zero in X, relative to E, and that h, h* 
are variationally equivalent in X, relative to E, in a similar way.j 

The definition of (26.3) can be split up into two parts, 
putting 

V*(h, E; A) = inf x(E) 


for fixed A and all such xy. Then V(h; E) is the limit of V* 
as we take smaller and smaller sets A. For if Ay is also com- 
plete in E, with the product A.A; = Aj, then a x suitable for 
A will also be suitable for Ay, which gives 


V*(h;E; A) > V*(h; E; Ay) 


The converse need not be true when A, Ay are unequal. 
Ex. 26.1. V(|h|; E) = V(b; E). 
Ex. 26.2. V(h; E; X) = V({ch(X)hi, ch(X)h,}; E). 
Ex. 26.3. If W = suplzl(all z eP(h; Ae; E)), show that 


W < V*(h; E; Az) < 4W 


(Use the method of proof of Theorem 21.2 (21.16).) Thus h is 
of bounded variation if and only if P is a bounded set for 
some Ag; and h is of variation zero if and only if, given e >0, 
there is an Az such that the corresponding P lies in the circle 
centre 0 and radius e. These are the reasons for the name, 
variation set, for P. When hs take values that are not (real or) 
complex numbers, the variation is often defined by using P. 


+ In this new theory the variation in X, relative to E, takes the place of 
Lebesgue outer measure. 
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Ex. 26.4. V*(h; E; A) = sup( 2) 2/5] 
for all divisions Y of E from A. 

Ex. 26.5. If hy, hy are complex, with real parts hy1, hris 
respectively, and imaginary parts hye, hro, respectively, 
prove that 


V (hig, hri}; Es X) < V((ha, hr}; E; X)(j = 1, 2) 


[§26 


Ex. 26.6. If X © Xi, E c hh, prove that 
V(h; E; X) < V (h; Hy; Xy) 


Ex. 26.7. Let a, B be constants, and let h, h* be two pairs 
of interval functions. Prove that 


V{ahi, ahr}; E; X) = |a| V((hi,hy); E; X), 
V ({ahr+- Bhi*, ahr+ Bh,*}; E; X) 
< la] V((ho, hr}; Es X)+| B[V ({hi*, hy*}; E; X) 


27. Inner variation 


A concept needed when we consider differentiation, is that 
of the inner variation of a pair h of interval functions. To 
define ib we first say that a set Y of intervals [u, v) is an inner 
cover of an elementary set E if to each point x of E there 


À corresponds at least one interval from Y and in E with x as 
îy its associated point. Given A complete in E, let there be an 
7 Z inner cover @ of E formed from the intervals of Y and B, 
NE and a non-negative finitely superadditive interval function 
i Ny x, such that x(Z) is finite and 
SWE 
SMa a) < x2) (2) EL Nile) SB) (271) 
on (æ, u)| < x(a, u) (Ez, u) € EN 2, [x u) E E) (27.2) 
xo 
e Fixing A, we put 


IV*(h; E; A) = inf y(B) 


for all such y. If no such x exists we put IV* = +0. Now 
let Ay be complete in E, with Aj = A.A;. Then a € from 
Ay is also from A and hence 


IV*(h; E; A) £ IV*(h; E; Ay) 


| The converse need not be true, as the chosen intervals of 


V 
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F, 2, need not lie in Zi, Ay, respectively. Then h is of 
bounded inner variation in an elementary set E if the inner 


variation sf Y 
IV(h; E) = IV*(h; E; A) 


in E is finite, the supremum being taken for all A complete in 
E. Note that the supremum is the limit of IV* as we take 
smaller and smaller A. Also, if X is a set not necessarily lying 
| entirely in E, we define 


A 


(27.3) 


IV*(h; E; X; A) = IV*({ch(X)hj, ch(X)hy}; E; A) 
IV(h; E; X) = IV((ch(X)h,, ch(X)hr}; E) 
| the second line giving the inner variation in X relative to E. 
If this is finite we say that h is of bounded inner variation in 
| X relative to E. Further, h is of inner variation zero in E, or 


in X relative to E, if the corresponding inner variation is 0. 


Ex. 27.1. Prove that 


IV(h; E; X) < V(h; E; X) 

Ex 27.2. Prove results Y IV corresponding to Ex. 26.1; 
65: 26.6; 26.74 ¢ rah poet 

roperties of the variation and inner variation 
THEOREM 28.1. If 


í AEREI 
(h; E; Xp)! 3 TE - 


j=1 qa { DAN >< AN 
| A FATI ¿2 ADT why. a Vem j 
| j and similarly for IV. yp, Th Ri es (i . dy. 37 Wilt Une \ \ 
| 
| 


< 

x 
ms 
IN 
Ma 
< 


We can obviously assume that the infinite series is a finite 
number, or else there is nothing to prove. By Ex.26.6 we 
can also assume that the X. 1; are mutually disjoint. Given 
e >0 and an integer j, there are A1j; complete in E, and a 
non-negative finitely superadditive interval function x1, that 
satisfy (26.1; 26.2) with x in Xı; and 


xulE) < V(h; E; X1j)+2-se (28.1) 


ee e A Erai s 
a 


50 THE THEORY OF INTEGRATION [$28 


. 16.9 be Aq; for x in Xı;(j = 1, 2, ...), and 
a Z atts ze x. We then denote the resulting A7 
of Ex.16.9 by A here. Further, we put 
00 
x= xy 
j=l 


Then by (28.1) and the definition of variation, 


V(h; E; X) < x(E) = È xu(E) <È V(h; E; X1j) +e 
j=1 j=1 


As e >0 is arbitrary we prove the theorem. Similarly for 
IV* and so IV. 


2 i lementary 
THEOREM 28.2. If Es, E2 are non overlapping £ y 
ses, ETA 


—_ T ST A 
Vib; E1; X)+V(h; Ba; X) = Vin; Bi y aX)" (282) 


M IV(h; E1; X)+IV(h; E2;X) > IV(h; Es U Ez; X) (28.3) 


with equality in (28.3) if Er N He N X is empty. 
From Ex. 26.6 


V(h; Ej; X) < V(b; E1 U Ez; X)(j = 1, 2) 


Thus we can suppose that the left-hand side of (28.2) is finite, 
or else the right-hand side is infinite and there is nothing to 
prove. The essence of the proof is that the intervals in Æ can 
vary independently of the intervals in Ez. Given e >0, we 
take x in X, and yo; for x, Ej for E, in (26.1; 26.2), such that 


HE 25 (Hi) < V(h; Ej; X)+e (j = 1, 2) 
2200 mE zao m Er.) > 
aE Naas X21 aa for x, Es U Ee for E, in (26.1; 26.2) 


V(h; Er J Ez; X) < xar(E1) +x22(Lo) 
< V(h; Er; X)+V(h; E2; X) +2e 
V(b; Hil Ja; X) < V(b; E1; X)+ V(h; E2; X) (28.4) 


The corresponding result for 7V*, and (28.3), follow similarly. 


ÉS 
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We now replace x by xs, E by Es U Ez, in (26.1; 26.2) with 
xin X and xs(E1 U Ee) < V(h; Es U E2; X)+e. Then x3 
will be suitable in Es, Ez separately, and 


V(b; E1; X)4-V(h; E2; X) < xs(E1)+ xs(Es) 
< xa(E1 U Ez) < V(h; Er U Es; X)+e 


As e >0 is arbitrary we obtain the opposite inequality to 
(28.4), and so equality. There need not be equality in (28.3) 
for if v lies in Xin Er N Ee, the intervals of (27.1; 27.2), 
with Hy y Ee for E, and with associated point x, might all 
lie in Fy, or all in Eo. However, when X N Ein Ez is empty 
this is impossible, and the proof of equality in (28.3) goes 
through as before, provided that every interval of the left- 
complete and right-complete sets used lies entirely within 
either E, or Ez. This restriction on complete sets for IV* 
makes no difference to IV, so that the proof is complete. 


THEOREM 28.3. Let {Ij} be a finite or infinite sequence of 
disjoint intervals with union J. If each two intervals with a- 
Ni common end-point are open at that end, then 


o 


Vih;E;X n J) =È V(h;E;X ^NI) 
MEx.54 


j=1 


! Consider the intervals Ij, ..., In. By the remark about com- 
mon end-points there is a collection of intervals J Is riny 
open on the right, and mutually disjoint, such that each point 
of I; is inside J;(j = 1, ..., n). Given e > 0, let Az be complete 


in Æ, and xa be non-negative and finitely superadditive, such 
that 


xa(E) < V(h; E; X f) Ü+ (28.5) 
j=1 


[hs] < xa (28.6) 


for the intervals of Yo U Zə, with associated points in 


n 
xN Us 
h= 


We now discard every interval in Za U Ra that does not lie 


ae 
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* entirely within either one of the Jj, or in 


2 


ENN o; CBSE} 


j=l 


and we are still left with a complete set. This shows that from 
(28.5; 28.6), 


n n 
È V(h;E; XNA 1)< YE xa(J5) 
fal j=1 


n 
< xa(E) < V(h; EX N U I;j)+e 
j=1 
By Ex. 26.6 and Theorem 28.1, the last is 
co t 
< V(h;E; X N J)+e <2 Vib; BE; X N I;)+e 


As e >0 is arbitrary we have the result, even if one side is 
infinite. 


THEOREM 28.4. If Vih; E; X) ts finite, then given e >0, 
there are Az complete in E, and a non-negative finitely super- 
additive interval function X5» Such that 


2.78(2.7.21R) q E) <e (28.7) 
Ina(ts X)| < Vhs {ty xf; X) + xslt, x) 
(xe X, [t, x)e Lo, [t, x) c E) (28.8) 
Ih:(x, u)] < V(h; fx, ul; X) + ys(x, u) 
(xeX,[x,u)e Zs [x, u) c E) (28.9) 


Wo choose Az, xs Satisfying (26.1; 26.2) with x in X, and such 
that 
xe(HZ) <V(h; E; X)+e (28.10) 


By Theorem 28.2 the variation is finitely additive for Ein E, 
so that 
xs(E1) = xo( Ls) —V(h; Ey; X) 


is finitely superadditive. By (28.10) we have (28.7), and by 
(26.1; 26.2) we have (28.8; 28.9). Finally, the same xe will be 


AO MIAN A ee E MEA rar s A 


i 
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suitable for each El in E, so that Xs is non 


the theorem. 


(292 |hs| > V(b; U 1-2 
2 


Further, if [t,x) OB for 


Jae 


and similarly Jor u > Xx+, 


some t <x then 


t, x)| = lim V(h; [t, 2)) 
təz- 


(28 


if [x, u) < E for some u >x, 


53 


negative. Hence 


12) 


The least x7 to satisfy (26.1; 26.2) with Aa replacing A, and Ey 
replacing E, is the interval function 


x:(E1) 


for all divisions Di of By 
tion of the variation that 
Aga, such that 


(2) X 


Replacing A, by A3.Ag, w 


of 2 satisfy (28.7; 28.8; 


= sup( 21) 2 Jhs] 


Sy td E ref 
from As. If follows from the doña; E 
there is a division 2 of E and from ~ 


ls] > V(h; E)—e 


(21) E [hs] = (9) Y Ihs|—(D~ 21) E Ihs] 


>V(h; E)-e-(9— 9, 


> Van; Uz) 
2 


giving (28.11). 
For (28.12) we can also 


discarding the completeness of A4. 


Sup([hy(t, x)| — Vih 


lim sup[|7(¢ 
t>x- 


— 2e 


(28. 


)2 [V(h;1)+x5(1)] 


Then (28.11) gives 


; (1,7) > —2e ([t, x) e L 4) 


In this we can take e > 0, if at the same time we make the 
defining interval at zx of Z4 shrink up to z. Thus we obtain 


,2)1— V(hi[t, z])] > 0 


13) 


e can also assume that the intervals 


28.9) of Theorem 28.4. From these, 
(28.13), and Theorem 28, 


(28.14) 
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The variation is non-negative, and is finitely additive by 
Theorem 28.2. Hence it is monotone decreasing as t > x—, 
so that by Theorem 13.2 it tends to a non-negative limit. Thus 
(28.14) gives 


lim sup|/,(t, x)| > lim V(h; [£, x]) 


Theorem 28.4 gives the opposite inequality, so that we have 
(28.12). 
Similarly for intervals [x, u). 


Th, 28 


THEOREM 28.6. Suppose that 


A Kor © Xz S ... © Xy S ..., lim Xaj = Xs 
joo 
Then ` F 
lumi(Wh; E; X2;) = V(h; E; X 28.15 
> imha: Xa) = Vhs BX) (28,5) 


If V(b; E; X) is finite for X = Xa, and finitely additive over 
differences of sets X aj, where 


Xai 2 X% 2D... 2 X4j D ..., Lem Xq j= Xs 
joo 
then we have a similar result.t 
In Theorem 28.4 we take Xay, e.273, As;, x8j, for X, e, Az, x5, 
putting 


K;(E1) 


V(h; E1; X2;), K(E1) = lim K;y(E1) 
jroo 
which we can assume finite for each elementary set Ey in E, or 
else the theorem is true by Ex. 26.6. Then for lin #5; U sj, 
with associated point in Xo; 
00 

lhs| < Kyt+y ya; < K+ Y xs; (28.16) 

jel 


We now take the Ag(x) of Ex. 16.949 be As; when v is i 
Xə; N CX2,3-1, and to be arbitrary when x is in CX3, and we 
can construct the A7 as usual, where here we denote it by Ag. 
The Kj, and so K, are finitely additive, so that 


00 
K+ X xs; 
j=1 


+ The corresponding theorem for outer measure has to assume that the 
outer measure is regular. Here the variation is not always regular, E 


{ 
s 


¿ 


— I 


é, 


— 


p 


ace 


t \ wn 
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is finitely superadditive. Thus by (28.16) and the definition 
of variation, 


co 
V(h;E; Xs) < K(E)+ 2 xes(E) < K(E)+e 
j=l 
V(h;E; X3) < K(E) = lim V(h; E; Xo) 
quo j A Dar 
The reverse inequality is true by Ex. 26.6, So that we have (p-+8 
the first case of (28.15). For the second, Xan CX ay is mono- - 
tone increasing in j, so that by the first part, Theorem 28.1, 
and the special finite additivity, in X4;, Xa N CXaj, 


V(h; E; X5) > V(h; E; Xm)—V(h; E; Xa N CXe) 
= V(h;E; Xn)— lim V(h; E; Xa n CXaj) 


j>0 
= lim V(h; E; Xay) 
22 V'h; E; Xs) > lim V(h; E; Xay) 


jroo 


The reverse inequality is true by Ex.26.6, so that we have 
proved the second result of the theorem. 


Ex. 28.1. If 
o pS 
AD) 


j=l 


x 


and if h is of variation (inner variation) zero in each Xi; 
relative to E, show that it is the samet in X, relative to E. 
Ex. 28.2. For a <b,[a,b]< Ex =a and g = b, let 


pe V(h; E; [2—8,x+8]) = 0 AÑ 
Prove that for I = (a, b), [a, b), (a, b], and e 0 
V(h; [a, b]) = V(h; E; 1) 
(For [a,b] S [a—8, a+8] U (a, b) U [b—8,b+-8), and 
V(h; [a, b]) = V(h; [a, b]; [a, b])) 


Ex. 28.3. By using Theorem 28.1 with hs(1) as the length 
of the interval I, show that [0, 1] is not a countable set. 


1 si 
e ET : Py bee es 
Y i “F a) function Ex, 31,2 dE a 
alada Luar Sa hol tor me (Rix) 
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29. Functions of generalized bounded variation 


A less restrictive condition than that of bounded variation, is 
as follows. The pair h of interval functions is of generalized 
bounded variation (VBG*) in a set X, relative to an elementary 
set H, if X is the union of an at most countable number of sets 
in each of which h is of bounded variation relative to E. If 
the sum of the variations is convergent, then by Theorem 
28.1 we have nothing new. 


THEOREM 29.1. his VBG* in X, relative to E, if and only 
af there are A complete in E, a non-negative finitely super- 


[hn (t, x)| < k(x)x(b, x) (x € X,[t, x) e £, [b, x) S E) 


2 (29.1) 
lhy(x, u)| < k(x)x(x, u) (x EX, [x, u) e 2, [x, u)< E) 


(29.2) 


If h is VBG* in X relative to E, there are sets Xı; with 

union X, in each of which h is VB* relative to E. By Ex. 

p48 1 —>26.6/wo can assume the X1; mutually disjoint, and then as in 
ae, 


A Ex. 16.9Ywe can obtain A by combining the separate complete 
24) —— sets for the sets X1; of 2. If the corresponding y are yı; we can 


put 
00 
X= È Zi lx), kæ) = 2x1 (E) E Xij = 1, 2...) 
J=1 


and then we have (29.1; 29.2). 
Conversely, if (29.1; 29.2) are true we can take Xa; as the 
set where 


J-1 < h(x) <j, with yo; = jy, 


using the A of (29.1; 29.2), and we see that h is VB* in each 
Xaj, relative to E, and so VBG* in X, relative to E. 

We could similarly define the property of being of general- 
tzed bounded inner variation, and we could obtain a similar 
theorem. 3 


AL. r 
30. The variation of variationally equivalent functions 


This section begins with an important theorem that makes 
many proofs very simple. 
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57 
THEOREM 30.1. Lf h is variar 


satisfying 
xME) <e (30.7) 
lha(t, 2) —hy*(2, x)| < x(t, 2) (lt, æ) e 2, vex) (30.8) 
[Ra(x, U)—hy* (2, u)| < x(x, u) (le, u)Ee B ve X) (30.9) 


If the variation on the left of ( 30.1) is finite 


satisfying » there are Aj, yı, 


anorectal lr neces nsennee 


xUE) < V(b; E; Xi)te 


(30.10) 
lhi(t, x)| < xı(t, x) ([t, s) E Zi, x E Xy) (30.11) 
| lhr(x, u) < xa(e, u) (le, WEB, we Xı) (30.12) 
R From (30.8; 30.9; 30.11; 30.12), 
} Ihi*(t, æ)| < x(t, 2) + y(t, 2) 
i (t,2)EL Lg € X1) (30.13) 
Mete, u)| < x(w, U)+ x1(, u) 
lu) e RN Ro e Xi) (30.14) 


From (30.7; 30.10; 30.13; 30.14), 
V(h*; E; Xi) < 


G x(E)+x(E) < Vib; E; X1)+ 2e 
Result (30.5) is like the Che 


byshey inequality for in/egrals, 


> | “LD 


~ = = a, — ua, T es 


E ‘tonally equival t to h* ¢ 
A relative to E, and Uf Xi is a set in X, then : ee ¡y 
eE Ny) V(h; E; X1) = V(h*; E; Xi) (30.1) 
IV(h; E; Xy) = IV(h*; E; Xy) (30.2) 
even if a V or an IV is infinite Again, let f be a noi j 
n L B A point tion, 
and let h be vartationally equivalent to {fhy*, fhr*) in am 
to at T IEI < C in Xs contained in X they j 
A l Me 
od ) V(h; E; Xs) < C.V(h*; E; Xy) | (30.3) 
a. 18 IV(h; E; Xə) < C.IV(h*; E; Xe) (30.4) 
“J, hdwener, lf] > Cin X3 contained in X, then t 
4 l V(h; E; X3) > C.V(h*; E; Xs) (30.5) 
- | IV(h; E; Xs) > C.Iv(n*; y ; Xa) (30.6) 
To prove (30.1) we not that | 
m aah aiis e that, given e > 0, thére are A 


i>i 


-Y finite variation of h* in 
length of I, for I = [t,x] and [a, u] (fixed x); and so for I Pr | 


(5) 


Des a 
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As e > 0 is arbitrary we obtain 

V(h; E; X1) > V(h*; E; Xy) (30.15) 


This is also true when the left-hand side is infinite. Inter- 
changing h and h* in (30.15) we obtain (30.1). Similarly for 
(30.2), in which case the intervals in (30.11; 30.12; 30.13; 
30.14) lie in an inner cover contained in 


(2 N PauU (ZN) 
Then (30.3) follows from (30.1), since in Xe, 

[f(c)hs*| <Clhs* |(s = 1, r) 
and similarly for (30.5). Likewise (30.4; 30.6) follow from, 


(30.2). | damzdwo E Vale.“ Sul h 2 
(AC*) with respect to a pair h* in a set X, relative to E, if given 
e >0, there is a 5 > 0 such that for every set X4 in X with 


V(h*; E; X4) < ô we have V(h; E; X4) < € 


The pair h is generalized absolutely continuous (AcG*) with 
respect to h* in X, relative to E, if X is a countable union of 
sets in which h is AC* with respect to h*, relative to E. If 
X = E we replace ‘in E, relative to E” simply by ‘in E”. 


THEOREM 30.2. If h is AC* with respect to h* in X, relative 
to E, where h* is continuous in E, and VB* in X, relative to E, 
then h is VB* in X, relative to E. 

By Theorem 28.5 re, que the similar result for [x, u), the 

, relative to J, tends to 0 with the 
=[t,ul(t <a <u, x fixed), by Theorem 28.2 Gee Then’ 
as in Ex.28.2,/if I is an interval, PS 


Ne 
V(h*; E; X NI) = V(bh*;E Nn 1;X) (30.16) 


so that the former also tends to 0 with the length of I. Divid- 
ing F up into a finite number of intervals Z for which the right- 
hand side of (30.16) is 3, which is possible by the continuity, 
we obtain by absolute continuity, 


Vh; E; X NANI) <e 


which with Theorem 28.1 gives the result. P 49 ) 
A kaier 


A pair h-of interval functions is absolutely continuous” 2 
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In Theorems 30.3, 30.4 we assume the existence of 


Hu, v) = (V) i h, or Ku, v) = (V) fran 


for all intervals [u, v] in an elementary set E. 
THEOREM 30.3. The integral H is AC* with respect to h in 
E. The integral K is ACG* with respect to h* in E. 


/ We replace h* in Theorem 30.1 (30.1) fy H to obtain the first Gp: 5 
part. For the second we divide E up into sets X57 of x where “+ 


dy 


v j—1 < |f(0)| <j, we B(j = 1, 2, ...) 


and Theorem 30.1 (30.3), with h replaced by K, gives what 


o B dith 1907). Mty « wdi ¿e sable 
Stilley AT os 


fermion di 
ts VB* (or VBG* 


1 
Ñ 


) in aset X, relative 


wy) ,10 E, then so is h, and conversely. If K is VBG* in X, relative 


į to E, then h* is VBG* in X n Xe, relative to E, where Xe is the 
j set where f 4 0; and conversely. 
If the pair of interval functions were continuous we could use 
y Theorems 30.2, 30.3. However, it is easy to prove the result 
directly. For the first part we replace h* in Theorem 30.1 
(30.1) by H. For the second part, first let K be VBQ* in X, 
relative to E. Then by definition K is VB* in each set of a 
sequence {X7x} of mutually disjoint sets with union X. 
Replacing h in Theorem 30.1 (30.5) by K, and X; by 
Xak N Xay, where Xs; is the set where 


(J=) > [f(@)| > j (j = 1, 2, ...) 


we seo that h* is VB* in Xo, N Xs;, and so VBG* in X N Xe. 
Conversely, let h* be VBG* in X N Xes. Then h* is VB* in 
each set of a sequence {Xo} of mutually disjoint sets with 
union X N Xe. Replacing in Theorem 30.1 (30.3), h by K, 
and Xe by X N CXe, Xg N Xox(j, k = 1, 2, ...) we see that 
K is VB* in each of a ti and so is VBQ* in X, relative 


to E. ; 
31. Special results 


THEOREM 31.1. If |h| is a finitely subadditive interval 
function in [a, b], and in particular, if h is finitely additive 
there, then 


besg 


Ih(a, b)| < V(h; [a, b]) (31.1) 


— 


o 


le 


j 


” Y t 


— 


/ 
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If |b] ts finitely superadditive then h is VB* and 
Ih(a, b)| > V(h; [a, b]) (31.2) 
If h] is finitely additive then h is VB* and 
|h(a, b)| = V(h; [a, b]) (31.3) 
In particular, if h is a pair of interval functions, 
V(h; [a, b]) = V(V(h; .); [a, b]) (31.4) 


If h is real, finitely 
difference of two VB* 
functions, 


additive and VB* in [a, b], then h is the 
non-negative and finitely additive interval 


A) = V(b; D)+h(D)—HV(h; I)—h(I)} (31.5) 


If h is not VB* in (31.1) there is nothing to prove. Thus we 
can assume that h is VB*. If h is also finitely additive, then 


qu, w)| = |h(u, v)+hlv, w)| <|h(u, 0)] + |h(o, w)| 
fra <u <v <w <b, and |h| is finitely subadditive. If Ih] 
is finitely subadditive, x finitely superadditive, and 


lhl < x 


for the intervals of Z N 2, where A is complete in [a, b], 
then x—|h| is finitely superadditive, and from (21.6), 
p. 30 


(31.6) 


Ih(a, b)| < x(a, b) 


Taking the infimum of such x(a, b), we obtain (31.1). 
If |h] is finitely superadditive it is a x satisfying (31.6), so 
that h is VB* and the inequality in (31.2) follows. From this 


i~ and (31.1) we obtain (31.3). 
BD, y y Theorem 28.9 the variation is finitely additive, so that 


(31.3) gives (31.4), and the interval functions in the curly 
brackets of (31.5) are finitely additive. These interval func- 
tions are non-negative by (31.1). 


THEOREM 31.2. If |b] = (lil, br) is variationally 
/ integrable in an elementary set E then 


(V) S [h| = V(h; E) (31.7) 
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h is VB*, and V(h; -) is variationally equivalent to |h| in E. 


Ec 


If 
{ch(X)|hj|, ch(X)jhr]} (31.8) 
is variationally integrable in E then 
v f ch(X) djh| = V(h; E; X) (31.9) 
E 


which is finite, and V(h;.;X) 
(31.8) in E. 


In Theorem 31.1 (31.1; 31.2; 31.3) 


is variationally equivalent to 


h being 


VB* in (31.1), the variation is also the varia- (31.10) 
tional integral of ih] 
i If h is variationally integrable in E then 
beg eddy, beng V) f h| < V(h; E) (31.11) 
R E A 


If this variation is finite then |h] is also variationally integrable, 
i and (31.11) becomes» 


' E AL derefer Cong La: 
lev) f al < w) fm aiet 


n 


The decomposition ( 31.5) of a real finitely additive VB* interval 
Junction h is the most economical, in the sense that ifh = h¡—ho, 

| where hj is VB*, non-negative, and finitely additive, for j = 1, 2, 
then 


| hi > KV(h; .) +h), he > 3{V(h; .)—h) (31.13) =- 

[A de . ; 57) 

PEL Por (31.7) we use Ex. 26.1fand Theorems 30.1 01 $1 (4.57) 
k . 


== (p. 31) and 31.1 (31.3). Thüs 


A 


giving the required results. Then (31.9) i ion, ; ) 
—— On substituting (31.8) for |h| in (31.7), and using Ex. 26.29 
ns For (31.10) we use Theorem 22.1/to sh oh, 


Wo 


ow the existence of th 


variational integral of |h] when |h| is either finitely sub- 
additive or finitely superadditive. 


The 
result. For (31.11) wo use Theorem 21.1 


_(31.7) gives the 
for the finite addi- EN 
tivity of the integral, and then Theoréms 31.1 (31.1) ánd 


| Pim = VOR = Y (69 $ 18153) = (7) $, 1 
| 


i 


37 


op ty 
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30.1 (80.1) obtaining 
IP) fe h] < V(r) [asx ) = V(b; E) 


Tf the last variation is finite, then by (26.1; 26.2) O pH, ) 
(9) the| 

„is bounded for all divisions 2 of E from some complete set. 

“We now use Theorem 25.2/and result (31.7) to obtain (31.12). 

For (31.13) by taking h positive and then negative, we see 


that 
hy > g(h] +h), ha > 4(|h| —h) 


By (31.10) the integral of |h| exists and is the variation, so 
that if we integrate the four sides in (31.14) we obtain (31.13), 
as required. 


(31.14) 


THEOREM 31.3. Let X, X; be the sets where f #0,f #9, 
respectively, where f, p are point functions in an elementary 
set E. Then 


b.\ K(u, v) = (V) f fdh* = 0 
for all intervals [u, v] in E if and only if 

V(h*; E; X) = 0 (31.15) 
If, for all [u, v] in E, 

v Vv 

(V) f fdh* = (V) | odh* (31.16) 

then » 

V(h*; E; Xi) = 0 (31.17) 


Conversely, if (31.17) is true, and if either side of (31.16) exists, 
then both sides exist and are equal. I if for all [u, v] in E, 


(V) K fdh* = (V) q fdh (31.18) 


then 


V({hi* —hi, hr*—hy); E; X) = 0 (31.19) 


Conversely, if (31.19) is true, and if either side of (31.18) exists, 
then both exist and are equal. I if h* is variationally equivalent 
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to {phi, phy} in E, then 


v v 
(V) | fdh* = (V) f fọdh (31.20) 
u u 
for all intervals [u, v] in E, in the sense that af one side of (31.20) 
exists then so does the other, and they are equal. If {fhy, fhr} 
and |h] are variationally integrable, the former being VB*, in 
E, then 


Iv) j fdh| < (V) f If|dV(h; .) (31.21) 
E E 
This is a most important theorem. In particular it enables us 
to relax the definitions of the variational and Riemann- 
complete integrals, in that we can replace the point function 
f in K by any other point function ọ equal to f except on-a 
set in which the variation of h*, relative to E, is zero. If h* 
is understood, we can call the set a set of variation zero, and 
we can say that f = » almost everywhere (abbreviated to a.e.). 
Result (31.20) corresponds to the calculus process of 
integration by substitution, Section 2 (2.8), p. 5). Finally, 
inequality (31.21) is well known for the special case 


If taal < f 11a 


The inequality (31.21) follows from Theorem 31.2 (31.12; 
31.7) and result (31.20). In turn, if h* is variationally 
equivalent to (ph, phy} then (31.19) is true with h replaced 
by (ph, phy}; and (31.18) is then (31.20). Thus (31.20) 
follows from the implication of (31.18) by (31.19). Further, 
by Theorem 19.1, p. 27, the variational integral is a dis- 
tributive functional. It follows that all the results now hinge 
on the first result and its converse, to the proof of which we 
turn. 

We first assume (31.15). Excluding f = 0, let X24 be the set 
where 
j=1 <Ifl@)l < j (j = 1, 2, ...) 


A 


By Theorem 28.1, K for h in Theorem 30.1 (30.3) [ána Ex. 


26.615 48 ) N 


V(K; 2) = V(K; E; E) < V(K;E;E y 0X)+ 


© 00 
x V(K; E; X2) < EjV(h*; E; Xo) = 0 
j=1 J=1 


X 


a | 
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. OF INTEGRATION [$32 f Ase >0is arbitrary, we have (32.3). ; 
66 cad j Next comes the question of how much will remain true if 
h is no longer continuous. Asa preliminary we need a theorem 
that is valid also in abstract spaces. 


J, so that there is a point xı of Xen such that either 21 = ay or 
V(b; [a, b]; X N [a1, 213) < 7 (32.7) 


Let [21, 41] be in ¥ with u, —a >I1/n. If points of Xen lie to 
the right of u1, let az be their infimum. Then either la = La 
in Xen, or there is a point xa of Xen such that 


V(h; [a, b]; X N [aa, 22)) < y (32.8) 


Let [we, uz] be in ¥ with Ua—%2 >1/n, and so on. If in N 
such steps we are at bı, then by (32.5), 


(N—D)/n <l, N <nl+1, Ny <je (32.9) 
Using Theorem 28.1 and (32.4; 32.7; 32.8; --), and putting 


THEOREM 32.9. If h is VB* and variationally integrable 
in an elementary set E then h = {h)* +h,, h,* +he}, where h* 
is continuous in E and VB* and variationally integrable there, 
and he is Jinitely additive with discontinuities at Q set of points 


tn E that is at most countable, say, as the sequence {jn}. We can 
write 


he (a, b) = yy an tE” bn 
where Y”, y are respectively over those n Jor which 
a <jn <b, a Sja <b, 


N N 
Xı =U [z uj], X3 = Ula. £j], then Xen S Xy U X3 


j=1 =1 


V(b; [a, b]; X)—4e < V(b; [a, b]; Xen) 


the two series being absolutely convergent. : 
Let H be the variational integral of h. By Theorem 21.2 
(21.12; 21.13), P- 33, {h —H, hr—Hj is continuous in E, so that 


N . 
< V(h; [a, b]; X_0X1)+ Y V(h; [a, b]; [a;, 23]) 
jel 


< V(h; [a,b]; X y Xi) Ny 
Then (32.9) gives (32.1). For (32.2), we use Theorems 28.2 
1.2 (31.7),,obtainin e 
y By (28.2) and 3 ( pr SS 0 


V(h; X1) = Y V(h; [æ;, u;]) exists. Similarly, if [x, b] is in E for some b >g, 


j=1 ae A(e+) = lim H(z, u) 
S S b) UTE 
“2 ee er di A a exists. If now we take n non-overlapping intervals [£x, xx] 


i in E we obtain 
In particular, we can take the x to correspond to the inner 


iati litting up the set X into sets X4, X; in which, a e 
bier ie A ns and (27.2) is true. Let X6 and Xo > H(x,—) < 5 Hte, tp) < H(B) (32.10) 
be the corresponding sets Xy. Then by (32.1), continuity and k=1 Hamar 


(32.2), 
; E; X) < V(h; E; X4)4+V(h; E; Xs) 
aaah vee Gin RENE G AT N X7) + 2e 
< V(h; E; X6)+ V(b; E; Xy) +2 
= V(h; X¢)+ V(h; Xz) 4 2e 
< 2.IV(h; E; X)+4e 


by finite additivity and non-negativeness. Tt follows that 
the number of points £y for which H (tx) > 1/m, cannot be 
greater than mH (E), and Similarly for H (@z-+). Taking 
m = 1, 2, ..., we obtain an at most countable set of points In 


me AA > 


H i G N 
'p.57,) Theorem 30.1 (30.5), [using the Xs; of Theorem NAD 


Fx 163 
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By Theorem 21.1, P- 31, K is finitely additive. Then Ex. 26.65 “48> | 
4 


and Theorem 31.1 (31.1) give K(u, v) 
E. Conversely, if K(u, v) 


= 0 for all [u, 
= 0 for all [u, 


v] in 
v] in E then _by 


y E E; Xs) < jV(K; E; Xgy) =0 


Theorem 28.1% pletes the proof. 

Ex. 31.1. If hs* > O(s =, r), f > 0, K(E) = 0, then (31.15) 
is true. 
(For K is finitely additive and non-negative, so that 
K(u, v) = 0 for all [u, v] < E.) 

Ex. 31.2. If 
h(I) = | 


mI (mI rational) 


0 (mI irrational) 
where mI is the length of the interval I » Show that 
V(h; I) =mlI, IV(h3 I) =0 


and that h is 
[0, 1]. 

Ex 31.3. If f is bounded and variationally integrable with 
respect to h in an elementary set E, with f = 0 except in a 
set X, prove that 


not variationally equivalent to V(h; I) in 


IP) f Fal < supif1. Vhs Bs X) 


(Use Theorem 31.2 (31.11); and Theorem 30.1 (30.3), with 
$ = feh(X).) 
Ex. 31.4. Prove (31.21), 
grals exist. 
(Use Theorem 28.4 with a xi(#) <e.4-3 for points x with 
232 < [f(a)] < 24.) ESE PLE HVGA) 
i e< 


SEVR AE 09d 
32. EVs) + email e inner variation 


assuming only that the two inte- 


Previous theorems given in the book, except Theorems PEREN j 
aS \_ and 23,1,/can be generalized to hold in more than one dimen- 


sion, and’ sometimes in an abstract space. This section gives 
results that are essentially one-dimensional and that are not 
valid for Euclidean spaces with finite dimension greater 
than 1. Theorem 32.1 was first given by W. Sierpinski ( 1923) 
using outer Lebesgue measure. 


ex3 | 


He 


j 
a 


a 


Í 
>i 


es 


SÍ By Theorem 28.5, 
a 


$ 
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THEOREM 32.1. Let Ž be a Jamily of closed intervals con- 
tained in an elementary set E, and let X be a set in E, such that 
to each point x of X there corresponds an interval [x, u] of Ž. 
Let h be continuous, and VB* in X, relative to E. Then given 
€ >0, there is a finite number of disjoint intervals of F with 
union Xi, such that 


V(h; E; X N Xi) >V(h;E; X)—e (32.1) 


j Similarly for left-hand intervals. 
¿tn E with integral L, 
additive, and if L < 


Tf |h] is variationally integrable 
if x is non-negative and finitely super- 
x for intervals of F, then 


V(h; Xi) < x(E) (32.2) 

A , ; Z bein yl sik 

{ If his continuous tnéVB*in Xrelative-to-B, wit |h] varia- 
| tionally integrable in E, then 

IV(h; E; X) < V(h; E; X) < 2.IV(h; E; X) (32.3) 


so that in particular, sets of inner variation 
variation zero. 

Note that Ex. 31.2 shows that if |h] is not variationally 
integrable, the last result may be false. 

We can obviously assume that # is an interval [a, b]. Then 
the general case follows by finite union. Let Xen be the set 
of x in X for which there is an [x, u] of 4 with u—x > 1/n. 
Then 


zero are also of 


X = lim Xon 


nə 


so that by Theorem 28.6, p. 54, we can choose n such that 


V(h;[a, 6];Xan) > V(h;[a, b]; X)—4e (32.4) 
We now put 
41 = inf Xan > a, bi = sup Xen < b, l = b1—ay, 
—— 7 = ġe/(nl+1) (32.5) 


y 
[vn ; I) is continuous in I; and if the end- 
points of an interval J are inside I then 


V(b; [a, b]; X N J) < V(h;1) (32.6) 


It follows that the first variation in (32.6) is continuous in 


aac 


p.60 


q 


AAA 
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at which either H(jn—) >0 or H(jn+) >0, or both. At all 
other points, H(x—) = H(2+) = 0; and from (32.10), 


00 
2 {H(jn—) +H (jn+)} < 2H(B) 
n=1 
Actually, the 2 can be removed, but what has been proved is 
sufficient to give the he with the required properties, if we put 
an = H(jn—), bn = H(jn+) when h is non-negative. 


THEOREM 82.3. Let h be VB* and variationally integrable 
in E, but not necessarily continuous. Then Theorem 32.1 (32.1) 
is still true, while (32.3) can be false. However, (32.3) is true if 
|H(x—)] = |H(x+)| at every point; while a zero inner variation 
implies a zero variation if H(x—), H(x+) are only zero together. 
AR the first part we take the integer M so great that 
ems E 


O DS 
(oth ra = [-l fy mk E Kad a 
where H is y] Variational integral, {jn} is the sequence of 
discontinuities of H, and H (Ín +) are as in Theorem 32.2. To 
each jn in X, with n <M, there corresponds an interval 
Lin, Un] of Ž. From these we can take a disjoint collection 
1 such that each jn in X with n <M lies in an interval of 
the collection, and then we remove the interiors of those 
intervals from E to obtain a new elementary set for which 
we prove Theorem 32.1 using h* for h and de for je. The 
resulting X1, together with the intervals of Fy, gives the 
result for h. 
To show that (32.3) may be false, it is sufficient to take the 
case of 
lifa<0 <b 
h(a, b) = | 


0 otherwise 


If X and E are [—1, +1] then the variation is 1, while the 
inner variation is 0, the latter being obtained by using a left- 
hand interval only at 0. 

If the inner variation is 0, and if H (2—), H(a+) can only 
be zero together, then no discontinuity jn can lie in X , SO that 
by Theorem 32.1, 


0 = IV(h; E; X) = IV(h*; E; X) 


k 


AS la) zi OUR A a Ri wi=0} 


A y eg] 
vík TANO v 9-1. 
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i 

| If the inner variation is not 0, and if [H(a—)| = |Z (2+), 
we can enclose the discontinuity j, in an interval in which 

y the variation of h* is less than 2-m-2, and letting m > 00, 
and using Theorem 32.1, 


H V(h; E; X) = V(b*; E; X)+ Lill (jn — + |Z (jn +31) 
< 21V(h*; E; X)+ 212/H(j—)] = 21V(h; E; X) 


i where X; is the sum over all n with ja in X. 

] Ex. 82.1. If |h] is variationally integrable in E, show that 
$ when the intervals of ¥ can be taken from a given set com- 
plete in E, we can also assume that 


V(h;X1) < V(b; E; X)+e 


(Take x to correspond to the variation of h.) 


33. Integration by parts 

Here we consider properties, essentially one-dimensional, that 
generalize (2.7) (p. 4). If fis a function of points we put 

f / Hs(u, v) = fv) —f(u) 


THEOREM 33.1. If the integrals in 
WV) 


(V) i fdg+(V) E gdf = Hrelu, v) (33.1) 


exist, and if the equality is true, for each [u, v] in an elementary 
set E, then 


V(HirHg; E) = 0 (33.2) 
t 
if Conversely, if (33.2) is true, and if the first integral in (33.1) 


i exists, so does the second, and we have equality in (33.1). 
Nk \Theorem 30.1 (30.1) fend the identity 


Ls 
FENIE) —9(t)} ANNIE) Lg) —f(e)g(e)} 
| =(8(0) SOH) —9(0) — (83.3) 


f show that if the integrals in (33.1) exist, and if (33.1) is true, 
f 
| 
| 


t 


i V(HyH,; E) = V (fg + 9H; — Hyg; E) 


= (1) ftar) | sap; 2) ao 
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Conversely, if the first integral in (33.1) exists, then from 
(33.2; 33.3) and Theorem 30.1 (30.1), 57 


v(o3;+((7) f t4o—H};#) = 0 


which proves the existence of the second integral in (33.1) 
and the equality. 


i f THEOREM 33 2. ay He 2 9 tr HOY f 48 continuous except 
| Í in a set X with Bh 
pal 47 (33.4) 


x 18,7 L rf g Ay continiioüs, or discontinuous on both sides, at each point 
of E, and VB* in X, relative to E, the variation is also 0. But 
neither integral in (33.1) need exist. 

If for fixed e > 0, X1(e) is the set of all points æ of discontinuity 
of f with the property that there is a sequence of ¢ tending to 


x such that 
If) —f(0)1 > e 
then for [t, x) (when ¢ <2), or [x, t) (when t >x), we have 
e|Hg| < |HsHyl, TY (Ho; E; Xile) =0 


Taking e = 1/n, n = 1, 2, ..., the union of the Xi(e) is clearly 
X, and by Theorem 28.1 it satisfies (33.4). If g is continuous, 
or discontinuous on both sides, at each point of E, and VB* 
= in X, relative to E, then Theorem 32.1 (32.3) and 32.3 show 
that the variation is also 0. To prove the third part we take 
| g(x) = x(all x) and 


f(z) = —1/(x log x) (0 <a < $), f(0) =0 
E By Ex. 33.1 at the end of this section, for each ein 0 <e <#, 


i V(HsHo;[e, $1) = 0, V(AsHy; [0, 41) = ViH Ho; [0, el) . 


By Theorem 28.5 (28.12),(9.53) ` 
V(H;Hg; [0, 21) = im V(H;Hg; [0, €]) 


e) Ag(0, e)l 


lim sup|H;(0, 
€50 


= lim sup(— 1/loge) = 0 
€40 


NN AR aie ne 


wf 
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and (33.2) is satisfied with E = 
for x = e74, 


(0, 4]. On the other hand, 


log(1/e) du 


(NL) f Fa) de = (NL) f bailes 


log 2 
and Ex. 17.2 (p. 25), shows that the Riemann-complete 
integral has the same value. It follows that the Riemann- 
complete integral in [e, 4] does not tend to a limit as e > 0, 
) 32,1 so that by Theorem 21. 2 ftho Riemann-complete integral 
oe mnot exist in [0,4]. Thus, using Theorem 33.1, neither 
integral 


(Y) f'ta, (v) fiear 


can exist, proving the third part of the theorem. 

If X is a set of points we denote by X’, the derived set of X, 
that is, the set of all limits of convergent sequences of distinct 
points of X. We also say that a point function f is continuous 
in a set X, if for every sequence of points t of X, with limit x, 
the sequence of f(t) tends to f(x). Further, if f, g are point 
functions, and if x is the associated point, and ¢ the other 
end-point, of an interval, we denote by g*Hy the pair of 
interval functións 


(AF) ONE < æ), ge MF) 
The following theorem has connections with Theorem 22.2(p 24 


(1) —f(a(t > a) 


THEOREM 33.3. 


EX. 15.9 V) y fdg = Hy,(u, v) (33.5) 
u 
for all [u, v] in an elementary set E if and only if 
V(g*Hy; E) = 0 (33.6) 
In particular, if Xen is the set of x in E for which |g(x)| > 1/n, 
i f is continuous in Xen U X’en = Xan (33.7) 
IV(Hr; E; X’en) = 0 (33.8) 


If f is continuous, or discontinuous on both sides, at each point 
of E, and VB* in E, then 


V(Hr; E, X’en) = 0 (33.9) 
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If [a,b] S X“2n, and if (33.5) is true for all [u, v] S [a, b], 
then f is constant in [a, b]. (33.10) 


For t <x or t >a we have the identity 
Holaa) —9(t)} -{Fe)g(x) FO} = IAF —fle)}, 
JH¿—H5g = —9*H; (33.11) 


When the variational integral of f with respect to y exists in 


_— E and satisfies (33.5), we use (33.11) and Theorem 30.1 (30.1) 
(E 9 Wfto obtain 


VEn B) = V(By-(V) | fags) = 0 


Conversely, from (33.6; 33.11), {Hg is variationally equivalent 
to the finitely additive Hyg, proving (33.5) with the existence 
of the integral. 

From (33.6), 


lim g(d){f(¢) —f(a)} = 0 (t, 2 in E) 


Taking tin Xen, y in X’en, we see that f is continuous in Xen. 
Further, if t; in Xen tends to a point æ, there is a sequence of 
points uy in Xen such that 


ey—ts] < 1/9, | flu) ft) < U9 


so that uy also tends to x, f(u,) tends to f(x), and so f(t;) tends 
to f(x). This gives (33.7). The choice of t in Xen, x in X’ən, 
also gives (33.8) from (33.6). Then (33.9) follows from (33.8) 
by Theorems 32.1 (32.3) and 32.3. In the conditions of 
(33.10), f is continuous in [a, b] by (33.7). By (33.8), taking 
E = [a,b], we have IV(Hf; [a,b]) =0. More exactly, 
given e >0, there is a non-negative finitely superadditive 
interval function x such that x(a,b) <e, and such that 
(27.1; 27.2)/ are true with hı = hr = Hy, with x in [a, b], and 
with t, u in’ Xen, everywhere dense in [a, b]. By Theorem 16.2 
we obtain { 


3 


Ca 
Y S 


al 


¡Hs(a, b)| < x(a, b) <e 


Hence f(a) = f(b), so that by taking sub-intervals of [a, b] 
we prove (33.10). g 


~ This theorem is nearly a blend of Theorems 33.1 and 31. ) AD | 
\It seems difficult to break down (33.6) into conditions likè 
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(33.7; 33.8) that are sufficient for (33.6) as well as being 
necessary. 

Ex. 33.1. If the derivatives f ”, g’ of f, g exist and are finite 
in an elementary set E, show that (33.2) is satisfied. Thus 
Theorem 33.1 covers (2.7) (p. 4), the integration by parts of 
the calculus. 


([HjHgl < (If 1+D(l9 14 D(—w)? < elt—2] for t near to x) 


Ex. 33.2. If f is continuous and g is VB*, show that (33.2) 
is true. 

Ex. 33.3. If f is monotone increasing and g is continuous, 
then prove that in each interval [a, b] there is a point £ such 
that 


b 
(V) | fag = flay{g(é)—9(a)} +F) —9(€)} 


(First prove that the integral exists. Then show that (33.2) 
is true, integrate by parts, and use Ex.20.4 (p. 29).) 

Ex. 33.4. If gis 0 at the rationals and 1 at the irrationals, 
and if (33.5) exists, then f is constant. 


4 
DIFFERENTIATION 


© 34, Differentiation of VB* and VBG* functions 


The inverse operation to integration is simpler to handle, so 
that we can obtain more detailed results. Let æ be a point in 
an elementary set E, and let h, h* be two pairs of interval 
functions. If a number D exists with the property that, 
given e >0, there is a 8 >0 such that for intervals in E 
with length less than 3 and with associated point 2, 


[hs —D.hs*| < elhg*] (s = l, 1) (34.1) 


then D is called the derivative D(h, h*; E; x) of h with respect 
to h*, E at x. If x is at an end of an interval of E, so that one 
side is not in E, then s takes only one value. Otherwise E 
makes no difference to the definition of D. If different D, D’ 
satisfy (34.1), then given e >0, thero is a 3, >0 such that 
for intervals in E with length less than 31 and with associated 
point x, we have 


|D—D’|.|hs*| < 2efs* |(s = 1, r) 
Taking e = |D—D’|/4, wo see that for these intervals, 
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(0.937 
By using Ex. os. ror IV and the sets Xy we need only prove 
(34.4) when h is VB*. Thus given e >0, there are a set A 
complete in E and a non-negative finitely superadditive inter- 
val function y such that for intervals of Z U Z with associ- 
ated point x in X, 


[As] < x (34.6) 
x(E) < V(h; E; X)+e (34.7) 


If, for some fixed M >0, and the intervals of some inner 
cover from A, of some set X3, 


|hs| > MIhs*] (34.8) 
then from (34.6; 34.7; 34.8), 
Mihs*| <x, 
M.IV*(h*; E; X3; A) <x (E) <V(h; E; X)+e 
M.IV(h*;E; X3) < V(h; E; X) (34.9) 


as e >0and A shrinks. As X; S X3foreach M >0 we take 
M arbitrarily large and prove (34.4). Under the conditions 
of (34.5) then (34.9) shows that (34.4) is true for Aa and each 
M >0. Taking M arbitrarily small we prove (34.5). | 
Note that when h* is continuous in E and VB* in X, 


. relative to E, with |h*| variationally integrable in E, then 


$9 jusi 32.1 (32.3), (34.4) gives 
hs* = 0 (s =l, r) (34.2) (pbo ) using Theorem i 


E; = 34.10) 
Otherwise D is uniquely defined if it exists. The set of points V(h*; E; Xi) =0 ( 


ye 


x satisfying (34.2) for the given intervals, with 8, varying 
with 2, is a set in which h* has variation zero, relative to E, 
and so may be disregarded in the sequel. 

THEOREM 34.1. If h* is arbitrary, while h is VB* or VBG* 
im a set X, relative to an elementary set E, then the ratios 


hy(t, x)/h18(t, x), br(x, u)/by*(x, u) ([t, x) © E, [x, u) < E) 
(34.3) 


. are either of the form 0/0 or are bounded as t, u tend to x, except 


for x in a set Xy contained in X such that 


IV(h*; E; Xi) = 0 (34.4) 

If V(b; E; X) = 0 then D(h, h*; E; x) = 0 in X, except 

for a set Xy satisfying (34.4). (34.5) 
74 


This also holds if we relax continuity to the requirement that 


lim h(t, x) 
toz- 
d 
si lim h,(x, u) 
UTE 


are only zero together. 


THEOREM 34.2. Let h be variationally equivalent to hy, h* 
to hy*, in a set X, relative to an elementary set E. Then either 


D(h, h*; E; x) = D(h;, hi*; E; x) (34.11) 


or else both derivatives do not exist; except for x in X4 satisfying 
(34.4) with X replaced by X4. 


L7 
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We can substitute {hı —h11, hy—hirj for h in Theorem 34.1 
(34.5), which gives the result when h* = hi*. Thus by 
Ex. 28.1, p. 55, for IV we need only prove the theorem in the 
case h = hy. If 


[hs—D.hs*| < elhs*| 
then 
[hs —D.his*| < elhas*| +(1D|+e)lhs* —has*| 


By substituting |hs* —hais*| for h(s = 1, 7) in Theorem 34.1 
(34.5), and hy* for h*, we prove that if D(h, h*; E; x) exists 
then so does D(h, hi*; E; x), with the same value, except 
for æ in a set Xs satisfying IV(hi* ;E; Xs) = 0, and so 
(34.4) with X1 replaced by Xs, by Theorem 30.1 (30.2) (p. 57). 
Interchanging h* and hi* we prove the theorem. 


) 
HEOREM 34.3. h, |h], h* be variationally integrable, 


h* continuous, and hs* > O(s = l, r), all in an elementary set 


satisfying (34.10). 

By Theorem 34.2 we can replace h, h* by their variational 
integrals, respectively, H, H*. By Theorem 31.2 (31.7), 
(p. 60), his VB*. By Theorem 30.1 (30.1), (p. 57), so is H. 
Hence by Theorem 31.1 (31.5) (p. 60), we can suppose that 
H20. 

We have reduced the theorem to the case when H > 0, 
H* > 0, and both are finitely additive. Given a number 
M >0, suppose that a set Xy has the property that for 
arbitrary Aı complete in E, and some inner cover of Xy from 
Ry, we have H > MH*. We wish to prove that 

V(H; E; X:) > MV(H*; E; Xz) (34.12) 

Given e > 0, there are Az complete in E and a non-negative 
finitely superadditive interval function xı such that for 
intervals of La U Be, with the associated point in Xy 


Oo<H<xi 
xu(E) < V(H; E; X7)+e 


(34.13) 
(34.14) 


We take Az for A; and use Theorem 32.1 (32.1; 32.2;) (p. 65) 
and (34.13; 34.14). Thus there is a finite collection 2 of 


Y- =. 


+ 
ii 


| 
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VE, Then D(h, h*; E; x) exists in E except for a set Xg of x 
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closed disjoint intervals from the inner cover, with union U, 
such that 


M{V(H*; E;X7)—e < MV(H*; E; X3N U) < MV(H*;E; U) 
= MV(H*; U)= M( 2) £ H* < ( 2) EH 
<( 2) £ yı <x(E) <V(H; E; Xy) +e 


Letting e > 0 we prove (34.12). A similar result will hold if 
the inner cover is from £2 every time. Hence if for X7 we 
have H > MH* for one inner cover, and H < NH* for 
another inner cover, each from a fixed side of the points, 
where M >N, then by (34.12) we have 


MV(H*; E; Xy) < V(H; E; Xy) < NV(H*; E; X7) 
which can only be true if 
V(H*; E; X) =0 


Thus each set for which 


(34.15) 


M = (m+1)27, N = m2 (m,n = 0, 1, 2, ...) 


satisfies (34.15), so that the union does. In the complement 
the derivative exists. Thus we have proved the theorem. 


THEOREM 34.4. If h is variationally integrable and AC* 
with respect to h* in an elementary set E, where h* is variation- 
ally integrable and continuous and hs* > O(s = 1, r) in E, then 
D(h, h*; E, x) exists in E except for a set f x satisfyin 
(34.10), with Xı replaced by Xs. ee ane 

By Theorem 31.2 (p. 60), h* is VB*, so that by Theorem 
30.2 (p. 58), his also VB*. As it is variationally integrable, 
so is |h], by Theorem 31.2 (p. 60) again. Hence we can use 
Theorem 34.3 and obtain what we want. 


“ae 


THEOREM 34.5. If in Theorem 34.4 we have hi = hr =h, 
finitely additive, then 


t=) fran 


where £ = 0 in Xs and otherwise f = D (h, h*; E, x); and |f| 
is variationally integrable with respect to h* in E. 


For by Theorems ‘28.1 (p. 49) and 34.4 and the definition 
(34.1) of differentiation, 
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V(h—fh*; E) < V(h—fh*; E; Xg) + V(h—fh*; E; CXg) 
= V(h; E; Xs) 


This last is 0 as his AC* with respect to h*. Hence the finitely 
additive h is variationally equivalent to fh*, proving the first 
part. The second part of the theorem follows from Theorem 
31.2 (p. 60). 

Note that in Theorem 34.4 we can change AC* to ACG* 
and obtain that h is VBQ*. If we can prove that |h| is varia- 
tionally integrable, then (34,10) and Theorem 34.5 follow, 
giving a converse to Theorem 30.3 (p. 59), second part for 
the given h*. But not all |h] are variationally integrable, 
so that the proof fails to go through in this way. 

Ex. 34.1. If his the function of Ex. 31.2 (p. 64) show that 
the ratio h(I)/mI is bounded but that the derivative does not 
exist anywhere. Similarly for mI/(mI+h(1)). This suggests 
that for the conclusion of Theorem 34.3 to hold, both h and 
h* must have a property near to finite additivity. 

Ex. 34.2. Show that continuity of h* in Theorem 34.3 can 
be dropped by using Theorem 32.2. 


35. The differentiation of variational integrals 


4 $ 4 
g f Instead of using previous theorems to obtain a partial result 
i we prove the following directly. 
THEOREM 35:1. If K is the indefinite variational integral 
of {fhi, fhr} in an elementary set E, then 


| | | D(K, h; E; x) = f(x) (35.1) 
| Th 4 ys except possibly at points of a set X with 
: IV(h; E; X) =0 (35.2) 


A 


Ue ae 
ta 


If D(K, h; E; x) exists at all points of a set X in E then (35.1) 
is true in X1, except possibly in a set Xo with 


i V(h; E; X2) = 0 (35.3) 

In cases when zero inner variation implies zero variation, 

A > (35.3) gives nothing fresh. But here we place no hypothesis 
ps on h save the existence of K. 

If the derivative does not exist at æ, or if it exists but is not 

equal to f(x), then for some fixed « = ei(x) >0 and each 
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8 >0, there is either some t <w such that x—t < ð, 
l [t, x) © E, and 


|K(t, 0) —f(a)hilt, x)| > erlhalt, x)| (35.4) 


or there is some u >x such that u—w <8,[x, u) S E, and 
|K(a, u)—f(a)he(a, u)] > elhez, u)| (35.5) 


y Let Xan be the set of such w with (x) > 1/n. Further, given 
t e > 0, there are a 31(1) > 0 and a non-negative finitely super- 
additive interval function x with x(E) <«, such that for 
8 < 81(x), the left-hand side of (35.4) is bounded by x(t, x), 
and the left-hand side of (35.5) is bounded by, x(#, u). Then 
either 
|hilt. x)| < ny(t, 2), or |r(e, u)| < nxle, u) 


and the inner variation of X3n is bounded by ne. Ase >0is 
as small as we please, the inner variation is 0. This is true 
forn = 1, 2, .., so that by Ex. 28.1 (p. 55) for IV we have 
(35.2). Note that the use of the inner variation is the simplest 
way of expressing the first differentiation result. 

If D(K, h; E; 2) exists in Xe, but is not f(z), then for some 
e >0,8 >0, both depending on x=, every interval [t, x) 
(respectively, [x, u)) with length less than d2 satisfies (35.4) 
(respectively (35.5)), with ez for «1, SO that (35.3) follows in a 
similar way. This result supplies another proof of (31.15) 
in Theorem 31.3 (p. 62). 


th THEOREM 35.2. Let h, {fhi,fhr}, and {|fhil, [£hrl) be 

Ver ica ok integrable in an elementary set E, with hs > 0. 

+ A Then if t is the associated point of the general interval, and H 
is the integral of h, 


: * ite +t) fa E 
tim (V) | x+t)—f(x)| dh = 0 ([x, x+u) S 
al ) N (x+t)—f(x)| (E ) ) 
a y Um) 
except for x in a set X4 satisfying (35.2), and similarly for 
u <0. 
The integrability of the three pairs of interval functions, and 
Theorems 19.1 (p. 27) and 25.1 (p. 43), give in turn, for each 
constant «, the variational integrability in E, with respect to 
h, of 
F(w) a, and | f(w) — al 
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Thus by Theorem 35.1 we obtain 


(V) N Ifle+t)—a| dh 


lim ———___ 
uo A(x, v+u) 
= |f(0)—a]([e, v+u) < E) 
except for v in a set X5(«) satisfying (35.2). Taking 
a. = +m.2-"+ip.2-4 (m, n, p, q = 0,1, 2, ...) 


with four combinations of signs; and using Theorem 28.1, 
the union X4 of the corresponding X5(«) also satisfies (35.2). 
Now let « be any constant, and let P be one of the special 
numbers within e of «. Then 


Im) f [fe+1)—a] dh—(V) f’ fæ+ 2—1 an| 


< (9) f“ lie+0-el—If0+0-p1] an 
<lu—B|H(e, v+u) < «He, e-+u) 
Also, for x not in X4, and for u small enough, 
(V) [Ulrte+0—8 dh < Eto, 2+wllfee)—Bl+9 
< A(x, 2+u)(f(0) —a] + 2e} 
(Y) fia+o-a dh < H(x, x+u){| f(x) — «| + 3e) 


Here the « is arbitrary, and so can depend on 2, so that if in 
particular we take « = f(x) we obtain the theorem. 


Turoremt 35.3. Let |h| and |h|ch(X¢) be variationally 
integrable in an elementary set E, where Xe is a set of x. If 
a<x<b,a <b, with a,b tending to x, then 


V(h; [a, b]; X6)/V(h; [a, b]) > ch(X6; x) (35.6) 


except for x in a set satisfying Theorem 35.1 (35.2). 
If K is the variational integral of |h| then by Theorem 31.2 
(31.7; 31.9) (pp. 60-1), (35.6) becomes 


(V) f ch(X6) Alh|/K(a, b) > ch(Xg; x) (35.7) 


t The corresponding result in Lebesgue theory is the density theorem. 


y” 
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In (35.7) we can replace |h| by K, using Theorem 31.3 (31.20) 
(p. 63), so that by Theorem 35.1, (35.7) is true for a = x, 
for b = g, and so by finite additivity, fora <a <b, except 
for v in a set satisfying (35.2). 


las Givi. PR idol a Tams (9/6 
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LIMITS UNDER THE INTEGRAL SIGN 


36. Monotone sequences and functions 


It is well known that the Lebesgue integral handles with ease 
many problems concerning the commutation of the operations 
of integration and the taking of a limit. This ease also holds 
in our present theory, the proofs being simpler than ever. 
We begin with interval functions that are monotone increasing 
as some parameter tends to a ‘limit’. Similar results hold when 
the functions are monotone decreasing. For simplicity we 
suppose that the parameter y tends to infinity, where either 
y takes all positive integer values (when we have a sequence), 
or all values y > 0. Cases in which y > a— or y > a+ can 
be dealt with by obvious transformations. 

Not all monotone increasing sequences of interval functions 
give reasonable results, see Ex. 20.1 and 20.2 (p. 29). 


THEOREM 36.1. Let hs > O(s =l, 1), and let the point 
Junction f(x, y) be non-negative and monotone increasing in y 
for each fixed x. If for fixed y, f(x, y) is variationally integrable 
with respect to h in an elementary set E, with indefinite varia- 
tional integral K(., y), and if K(E, y) has a finite supremum 
as y tends to infinity then 


f(x) = limf(x, y) 


yoo 


exists (finitely) except possibly in a set X with 
V(h; E; X) = 0 (36.1) 


Further, f(x) is variationally integrable with respect to h in E, 
with indefinite variational integral the limit 


K = limK(., y) 


yoo 


so that vf limf(., y) dh = ride . y) dh (36.2) 


you 


If hs > 0 (s = l, r), if f(x, y) > 0 and monotone increasing in 
82 
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‘or each fixed x, if 
| ve f f(x) = lim f(x, y) 
y> 
| finite, except in X satisfying (36.1), and if f (x, y) ishut f(x) is 
f not, variationally integrable with respect to h in E, then 
ms f(s y) dh > +00 (36.3) 
} The case when y takes all values in y > 0, reduces to the 


sequence case, by the simple observation that 
f(a, n) < fla, y) < flw,n+1) (n <y <n+1) 


For fixed j, N > 0, let Xi; be the set of x where f(x, j) >N, 
and let X2 be the set where either 
lim f(a, j) >N, or f(z, j) > œ as j > 0 
j>% 
Then by Ex. 26.6 (p. 48) and Theorems 31.2 (31.7) (p. 60), 
30.1 (30.5) (p. 57) and 28.6 (p. sofu is the supremum 
of K(E, j) 


> (V) I, Ho) dh = VUF iby fl Me); E) 


> VI, hy f(s hr}; E; X13) SN. V(h; E; X15), 
| V(h3 E; X13) < U aa: X2) < MIN 


since Xə is the limit of Xı;. Also, for all N, X2 > X, so that 

| if we let N > co and use Ex. 26.6 (p. 48) we have (36.1). 
> Now K(.,j) is non-negative and finitely additive, and so 
Ag IJS VB*, so that by Theorem 30. 4, fh i is VBG* except possibly 
for the set where f(x, j )=0. Hence by Theorem 29. 1,there 
are a set A complete in E, a point function k(x) > 0, and a 
non-negative finitely superadditive interval function x, such 

that 

[Rs] < k(2)x, or f(x, j) = 0 (all J) (36.4) 


for intervals of Z U 2, where w is the associated point. 
By Theorem 31.3, p. 62, (31.17) implying (31.16), we can 
replace f(x, j) by 0 in X, so that we can assume that 


f = limf(.,J) 


2 


everywhere. Thus, given e > 0, there are an integer m(x), Aj; 


EL 


a Te 
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7 a 3 ai Se LIMITS UNDE 
complete in H, and non-negative finitely superadditive integrable «2 R THE INTEGRAL stan 
interval functions y1;, such that fal Stable with respect to h in 85 
alse, (36.3) in Æ. As thi , 
r : must be true. is last ig given to b 
f(a) —f(w, j) <«/k(x) (j > m(x)), or f(x) = 0 = f(w, j) (36.5) y 4 
- Maj a 
xyl(E) <e.2-3 (36.6) ae rm Sequences and functi 
A ; © theory of > ons 
IKU, $) Fe, PhD < xl) (36.7) useful in showing peePeSBUS integration Fato,» 
| The correspondi at certain unction ous Lemma is 


for intervals in £1; U 21; with associated point x. Further, 
for each fixed x, f(x,j) > 0, and is monotone increasing in 
j, so that by Theorems 20.1 (p. 28) and 21.1 (p. 31), K(E,, 5) 


is monotone increasing in j for fixed elementary sets Hy in if å TREOREM 87.1, L LS) Yo. 
E, and : e variational, ¿no Ms > O(s =] 
K(E,, j) < K(E, j) < M set E, wisn” COS with pego q? ond Tet fa, fo, £(, y) 


n an elementary 
and hence K(E;,j) tends to the limit K(E1). Thus for an 


E 


i 
f 
ij 
l: 
ay 
it 
bj 
f 
| 


l integer J for each fixed A 
d ; ; Y, and, (37.1) 
| pr >0, » M the e 
K(E)-—K(E, j) <e(j > J) (36.8) Sor each 0 <Y <z Pra when y takes all values in 
It also follows that K—K(.,j) is a non-negative interval 
function that is finitely additive, and so finitely super- g A UA f(x, y) 
| additive. f e variationally ; Sysz (37.2) 
a As in Ex. 16.9 (p. 24) we form a complete set Az by taking ally integrable with respect to h 
Ei: the Ag(w) there to be A.A; forj = max(m(æ), J). For intervals 3 v mE. Then 
of La U Za and this j, by (36.4; 36.5; 36.7), i ) p Zn inf f., Y da is 
h i Stine int OW) e 
; y »Y)dh 
E . l F instead of (37.1) ang (37.2) E ‘ eis 
; <S K(.,j)+xutex < K+ Lyte | we have, for each fized y 
j=l y 
| Also by (36.7), pase f(z, y) < fo(x) 
> . i > în th 37.4 
l S(e)he > f(x, ihe > Kl j)— x1 Oy cy qe when Y takes alt ua, « 
o » of ENO Sy So aia 
i > K—{K-K(„J}- È ) ý c 
; { (J) boca sup fx, y) 
x By (36.6; 36.8), y ae Y< y<z (87.5 
S is variationally integrable with 5) 
A 2 x19(H) + ex(E) +K(E) -K(E,J) < {2+x(E)}e "espect to hin F, then 
| $1 V| ü 
4 m sup f ; 
y so that K is variationally equivalent to {fh1, fhr} in E, proving 4 E yoo P Ms y)dh > at supi V) fi flo y)dh á 
(36.2). l : LF in (37.8) or (37; z (87:6) 
In the second part of the theorem, if (36.3) is false then (37.6), 
K(E, y) is bounded as y —> œ, and f(x) is variationally lene, 
yoo y) (37.7) 


a ES ee 
ho 
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exists, then we da not need the variational integrability of (37.2) 
or (37.5) with respect to h in E. 
If fi(x) < f(x, y) < fo(x), f(x) = lim f(x, y) (37.8) 


yoo 


except possibly in a set X of x with 
V(b; E, X) = 0 (37.9) 
then if we put f(x) = 0 for x in X, 


(V) | 12h = lim (V) ¿A y)dh (37.10) 


y>% 


‘In particular, if h is also variationally 
integrable in E, the results are true when fi, fa 
are constants, so that f(x, y) is bounded above, or ( 
below, or both, in x and y. 


As by Theorem 19.1 (p. 27) the variational integral is a 
distributive functional we can subtract fı from f(., y) and in 
(37.1) assume that f(x, y) > 0. First taking the case when 
y has positive integer values, we have 


Koi) <È Fl k) (m <j <n) 


k=m 


so that by Theorem 25.1 (p. 43) applied to —f(., j)hs, for 
m<js<mn, 

min f(., j) (37.12) 

m< ¡Sn 

is variationally integrable with respect to h in E. This corre- 
sponds to (37.2), so that we can now consider both cases 
together. The function (37.2) is monotone decreasing as Z 
tends to infinity, and is bounded below by 0, so that 


f(z, Y)— inf f(x,y) > 0 
Y<y3Z 


is monotone increasing in Z, and is bounded above by f(x, Y). 
Applying Theorem do dj see that by distributivity, 


inf f(x, y) (37.13) 


y>Y 
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is variationally integrable with respect to h in E, with 


(V) J inf f(., y) dh 


Ey>Y 


= lim (v) f inf f(.,y)dh 


Z>% EY<ysZz 
< inf f F(.. y) dh (37.14) 
y2Y E 


Again (37.13) is monotone increasing as Y tends to infinity ; 
and we can obviously assume that the right-hand side of 
(37.3) is finite, so that by (37.14) the variational integral of 
(37.13) with respect to h is bounded_as Y tends to infinity. 
Hence by Theorem 36.1, first part, (p. 33 ) 


lim inf f(x, y) = lim { inf f(x, y) (37.15) 
yo You y>Y 


is finite, except possibly in a set Xy satisfying (37.9), and 
Theorem 36.1 and (37.14; 37.15) give (37.3). To prove (37.6) 
from (37.4; 37.5) we replace f(s, y) by 


Sa(x) —f(a, y) 


If, however, (37.7) exists, except possibly in a set Xp satis- 
fying (37.9), then the limit is 


lim f(x, Yn) 


n>00 


so that without (37.2) or (37.5), we have in (37.3) for a suitable 
sequence {yn} tending to infinity, 


lim inf (V) f flo y)dh 
yro E 


lim (V) | f(-,¥n)dh > (V) | lim f(., yn) dh 
n= 0 E E no 


(7) | „imf, y) da 
E yao 


and similarly for (37.6). Thus without (37.2) or (37.5), we 
obtain (37.10) from (37.3; 37.6; 37.8; 37.9). 


eens 


} 
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Note that Ex. 37.1 shows that the variational integrability 
of (37.2; 37.5) with respect to h in £, is vital to the theorem, 
except in the cases when the limit exists or y takes only a 
countable number of values. 

We can obtain information about the continuity in y of the 


integral of f(x, y) by restating part of Theorem 37.1 using 
y >a. 


: THEOREM 87.2. If 
lim £(x, y) = f(x, a) 
yra 


except possibly for x in a set satisfying (37.9), if fı, £o, £(., y) 
are all variationally integrable with respect to h in the elementary 
set E, with hs > 0 (s = l, r) and 


fi < f(.. y) < fe (a—8 < y < a+3, for some 3 > 0) 
then 


lim (V) f: f(s y)dh = (V) Í, i ajay 


y>a 


Similarly we can deal with differentiation under the integral 
sign. 


THEOREM 37.3. If ôf(x, y)/@y exists at y =a for each 
fixed x in an elementary set E, except possibly in a set satisfying 
(37.9), and if fi, fo, £(., y) are all variationally integrable with 
respect to h in E, with hg > 0 (s = 1, r), and 


fi < {f(., y) —£(., a)}/(y—a) <fa 
(0 <|y—al < 3, for same 8 > 0), then 


d af(., y) 
—(V f(., y) dh = (V — da 
¿O f tna os h 


A more general case where we differentiate with respect to 

interval functions on the y-axis, can be dealt with in a simil 

way. 5 i 
Ex. 37.1. The conditions (37.2; 37.5) {are 


D.1N.a malar 


fiecessany ify 
takes all values in y > 0 unless the limit òf f(y) exists a.e. 
For let X; be a set for which 


(Y) ia ch(X1) de 
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does not exist. A discussion on such sets will be given in 
Ex. 38.1. For 0 < v < 1,0 < y < 1 let us put 


l(a = y € Xı), 
f(z, y) = | f(x, y+n) = f(z, y) (n = 1, 2,...) 


O(otherwise) ; 
Then f is bounded in 0 < x < 1, y > 0, while 


lim sup f(z, y) = sup f(x, y) 

y>% 0<y<1 
is the characteristic function of X1, and so is not variationally 
integrable with respect to x in [0, 1]. 


38. Absolute integration 


The absolute case has many features in common with Lebesgue 
theory. For example, the following gives useful results. 


THEOREM 38.1. Let hs > 0 (s =1, r), and let fj, |fj| be 
variationally integrable with respect to h in an elementary set 
E, forj = 1,2,.... If 


$ (V) | [fjl@h (38.1) 
j=1 E 


is finite then 


ao 
f=5 f 
j=1 


exists as an absolutely convergent series, except possibly in a set 


X with 
V(h; E; X) =0 


and f is variationally integrable with respect to h in E, with 


(V) | fdh = È v f fidh (38.2) 
E E 


j=l 


Further, the variational integral of fch(X4) with respect to hin 
E is completely additive in Xi whenever the corresponding 
integrals using \f|ch(X1) exist. More precisely, let {Xoj} be a 
sequence of mutually exclusive sets with union Xi. If, for 
j = 1, 2,..., fch(X2;) and |f|ch(Xz) are both variationally 
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integrable with respect to h with hs > 0 (s = 1, 1), and if 
00 
È (V) Í \flch(X2;) dh (38.3) 
j=1 E 


is convergent, then there esisis 


(Vv) f _f-ch(Xa)dh = 2 


j=1 


(Vv) | _feb(&a) ah (38.4) 


and similarly for \f| replacing f. f 
Result (38.4) follows from (38.3) because (38.2) follows from 
(38.1). To prove the latter implication we use the distribu- 
tivity of the integral, 


k k © 
m f È an= 0 f plaa <È file 
E j=1 j=l E j=l E 
which is convergent, so that by Theorem 36.1, 3 25 


fo = XI fil 


J=1 


is convergent except in X, and f exists, and fo is variationally 
integrable in E with respect to h. In Theorem 37.1 we now 
replace fi, fo, f(., k) by the present 


k 
— fo, fo 2 fi 
j=1 


and obtain (38.2) from (37.10). 
For a real point function f and constants a <b let 


X(f = a), X(f >a), X(f > a), X(f <a), 
X(f < a), X(a < f <b), ... 


denote the sets of points w for which the appropriate equality 
or inequalities hold. 


THEOREM 38.2. Let h be variationally integrable in an 
elementary set E with hs > 0 (s =l, r). Let f and |f| be real 
and variationally integrable in E with respect to h. For a real 
constant b let fo be the characteristic function of X(f > b). 


Ripa a, SP Obs, 


pe ane 


Apr ci eaa 


A 
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Then fo» is variationally integrable with respect to h in E with 
variational integral 

V(h; E; X(f > b)) (38.5) 
Similar results hold for the sets X(f = a), X(f > a), ... 
From Theorem 25.4 (p. 46), max(f, a) and min(f,a) are 
variationally integrable with respect to h in F, and hence 
for constants a <b, so is 


fot = max(min(f, b), a) 


This is f when a < f < b, it is a when f < a, and is b when 
f >. For fixed b, 


fo? = lim (fot? — a) 
a>b- 


Orie decreasi 


the function inside the limit kemga 1 acreasing-end- 
lying between 0 and 1. Hence by Theorem 37.1 (37.10), 
fo® is variationally integrable with respect to h in E. Then by 
Theorem 31.2 (31.9), p. 61, we have (38.5). 

The characteristic function of X(f > a) is the limit of fo? 
as b > a+, so that by Theorems 37.1 (37.10)fand 31.2 (31.9) 
we have a similar result. Also ES = 


ch(X(f 


a)) = min(ch(X(f > a), 1—ch(X(f > a))) 


) 
ch(X(f < a)) = 1—ch(X(f >a)), 
ch(X(f <a)) = 1—ch(X(f > @)), 
ch(X(a < f <b)) = min(ch(X(f > a), ch(X(f <6))), «.- 


so that the rest of the theorem follows. 

Ex. 38.1. Given x in [0, 1), let X(x) be the set of all y in 
[0, 1) such that y—w is rational. Let M be a set in [0, 1) such 
that for each æ in [0, 1), M N X(=) consists of exactly one 
point. Show that ch(M) is not variationally integrable with 
respect to v in [0, 1]. 

(Let the rationals in [0, 1) be put as a sequence {rn}, and 
let Mn be the set of all v+rn, 2-+-1n—1, that lie in [0, 1) and 
have x in M. Then 


1 1 
(7) [, ch(M») de = m | ch(M) de (38.6) 


0 


PS 
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if the second integral exists. Hence by distributivity, for all n, 


nn $ ch M) de = Y (V) 


1 
ch(M y) de 
j=l 0 


1 
1, (V) [cna ae =0 


1 n 
= (7) | em Maz < 


j=1 


This with (38.6), Theorem 38.1 (38.3), and 


co 
UM; 
j=1 


gives a contradiction, so that the integrals in (38.6) cannot 
exist.) 


= [0, 1) 


39. Limits of step functions 


By using sequences of functions constant in a finite number of 
intervals we obtain two interesting results. 


THEOREM 39.1. Let h, |h|, h* be variationally integrable, 
h* continuous, and hy* > O(s =1, r), all in an elementary 
set E. Then f(x) = D(h, h*; E; x) exists in E, except for a set 
X of x satisfying 


V(h*;E;X) =0 (39.1) 


and if we put f = 0 in X, then f and |f| are variationally 
integrable with respect to h* in E, with 
vf |f]dh* < V(h; E) (39.2) 
E 
The existence of the derivative, except in X satisfying (39.1), 
is proved in Theorem 34.3 (p. 76). We have now to prove 
the rest. By Theorem 34.2 (p. 75) we can replace h, h* by 
their variational integrals, respectively, H and H*. Then we 
can split up H into its positive and negative parts, as in 
Theorem 31.1 (31.5), p. 60, so that we need only assume that 


hı =h = H > 0,hi* = h* = H* >20 


where H, H* are finitely additive. By Theorems 21.1(p. 31) 
and 28.2 (p. 50) we can also assume that E = [a,b], the 


A a 
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more general case being obtained by finite union. Let us put 
ajr = a+ (b—a)j.2-*(j = 0,1, 2,..., 2; k = 1, 2, ...) 
Sule) = H(Qj-1,%, 034) /H*(05-1, 4, 031) (0-1, < Y < Ayr, 
j = 1, 2, ..., 2%), fg(b) = 0 


If the denominator of the fraction is 0 we put f(x) = 0; the 
interval then lies in X. Then by continuity of H* at the 
points ajy we obtain _ £ 


b 
(V) | fu AH* = Y frlaj.1,) H*(03-1, k> 031) 
a j=1 Py 


(03-1,% ajk) = 


ex\2 
= 2) 
j=l 
Further, for fixed x not in X, with aj-1.n <% < @jr, and 
given e >0, then by the definition (34.1), p. 74, of differen- 
tiation there is an integer ko such that 


H(a,b) (39.8) 


L—-S < üj-1,k < ljk <a+té(k > ko), 
| (aj-1,x, ©) —f(%)H* (aj-1,n)| < «H*(aj-1,n, 2) 
|A (x, Ajx) —f(«) )H* (x, ajr) < eH* (x, ajr) 


so that by finite additivity, 


¡[H(a3-1,1, ajr) —f (2) H*(a3-1,%, jx) 
< eH*(aj-1,%, jk), fe(2) 


> f(z) 


As H* is continuous its variation at a single point, relative 
to E, is zero, so that by Theorem 28.1 (p. 49) its variation 
is zero in the countable set of points ajx, relative to E, and 
with (39.1) we see that f(x) > f(x) except for x in a set 
satisfying (39.1). As fx > 0, (39.3) and Theorem 37.1 (37.3) 
give 


b b 
m f sar = (Vv) | lim Je" 


b 
< lim inf (V) | frdH* = H(a, b) 
Q 


k>0 


By Theorem 31.1 (31.3), p. 60, this is (39.2) in the ee 
case, so that we have completed the proof. 


Y 


287 
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Turorem 39.2. Let h be variationally integrable in an 
elementary set E with variational integral H, such that 
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hs > 0 (s = l, r). 


Let {fh;, fhr} be variationally integrable in E. Then there is a 
sequence {fx} of step functions such that 


lim fk = f (39.4) 
k>% 4 
n 3 ; 
except possibly in a set Xı with Qia we lee 4 : r A ) 
5 LMS4.0(ISE 
IV(h; E; X1) = 0 See toe TL ee y 


and 


v f fdh = vf fdh (39.6) 
E E 

If H(x—) and H(x+) are only zero together, then in (39.5) 
IV becomes V. 

By Theorems 30.1 (30.2), p. 57, and 31.3 (31.20), p. 63, 
we can assume that hı = hr = H, finitely additive, and non- 
negative. Then if H(u, v) = 0, we have H(u', v’) = 0 for 
all (w, v’) S (u, v), so that 


(v) {fax = 0 


also. Further, H is continuous except at a countable set at 
most. Thus we can use a construction similar to that used in 
Theorem 39.1, again taking the elementary set to be an i 
interval [a, b]. This time the ajx, for j in 0 <j < jr, and 
k = 1, 2,... are to be points of continuity of H, such that 


max(@jr—aj-1,k) > 0, @ = 00% <k <... < BY =b 


Y 


as k > œ. Then H, H* are replaced by 


(v) | jan, 1 


and a similar proof applies. Naturally, instead of Theorem 
34.3 we use Theorem 35.1} We obtain (39.4; 39.5; 39.6), and 
then have no need to proteed to ‘Fatou’s lemma’ (Theorem 
37.1 (37.3)). We have to use the inner variation, unless the 
discontinuities H(a—), H(z+) are only zero together, when 
we can use Theorem 32.3 (p. 65) Seli 

=> a 
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$39] 


A function f that is the limit of a sequence {fn} of step 
functions, except possibly in a set in which the variation of 
h relative to E, is zero, can be called h-measurable. What we 
have proved is that if hs > O(s = l, r), with h variationally 
integrable in E, and with 


lim hy(t, 2) and lim h,(x, u) 
t>2- Urae 


both zero or both non-zero, and if f is variationally integrable 
with respect to h in E, then f is h-measurable. If the sequence 
{fn} is bounded, or limited by two functions each variationally 
integrable with respect to h in E, then the converse is true. 
But not all unbounded sequences {fn} are limited, see Ex. 39.1. 


-> If fis real and h-measurable, then, except for the set of 


variation zero, 


ch(X(f > a)) = lim ch(X(fn > a) 


nro 


for each real constant a, so that for the given h, 
(V) Í ch(X(f >a)) dh = lim (P) Í ch(X(fn >a)) dh 
E n>% E 


and the variational integrability of ch(X(f > a)) with respect 
to h follows from that of ch(X(fn > a), which is constant in 
intervals. 

Conversely, if ch(X(f > a)) is variationally integrable with 
respect to h in E, for each real constant a, we put 


bye =F. 2-F (j = 0, +1, +2, n k = 0, 1, 2) 
00 
file) = E bjch(X (bip < f <dj+1,1)5 0), lim fi = 
== 00 0 


Thus f is the double limit of finite sums of multiples of 
characteristic functions that are variationally integrable 
with respect to h in E, so that f is the triple limit of step 
functions, apart from sets of variation zero. To show that f 
is a single limit of step functions apart from a seb of variation 
zero, and so to prove the converse, we use the following 
theorem. It follows that we could have defined a real function 
f to bo h-measurable if for each real constant a, ch(X(f >a)) 
is variationally integrable with respect to h in Æ. 


Ny y ae = suf $ > 


2 r f > f EAE Y 
Lola cid A | = A = k, nua El Ke S ES am } 
; Ñ J g 
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THEOREM 39.3. If the real f¡(¡ = 1, 2, ...) are h-measurable, 
and if a is a real constant, then 


afi, fı +f, fife, min(fi, fe), max(fi, f2), inf fj, 
j21 


sup fj, lim inf fj, lim sup fj, lim fj 

j21 joo joo joo 
are h-measurable, where the limit need only exist except for a 
set of variation zero. 
By Theorem 28.1 (p. 49), the union of two sets of variation 
zero is also of variation zero. This is all that we need to prove 
the first five results. To prove the last five we prove the last 
result first, as follows. 


If f= lim f(., j) except in a set of variation zero, 
po Jin 
and if each £(., j) is h-measurable, so is fè 


By Theorem 28.1 the exceptional sets for the separate 
F(., j) have a union that is a set of variation zero. Outside 
this set we have 


fj) = y= iafe >j, k), lim sup |f(.,j,m)—f(.,9, k)| = 0 


k» m >k 


eem a 


l 
A by Theorem 28.0/ there is an integer kn such that, 


for all k > kn, 
V(h;E; X(sup |f(., J, m) -fls j, &)| < 27)) > V(h; E) —27 
m>k 


We can now renumber the functions f(., j, k) so that we can 
replace kn by n, and then, as f(., j, n) is a step function, and 
so constant in intervals, we have for j = 1, 2, ... 
V(b; E; XIF j n+1)—F(.,j, n) < 27)) >V(h; E) —27 
V(h; E; X(f j n+ 1)—fl j, n) > 27)) <2 
V (h; E; XUR j) Fj n) > 2) 


Go Sgh: z; UZIN 5, k+) F045, E] > 2-4) < 21n 


Hence, in particular, 
V(h; E; X(Ifl n)—fl n, n)| >2-1)) <21- 
V(h; E; X(\f(..n) fl... n)] > 217 
for.some n > k)) < 22-k 
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In the rest of E we have 
If(., n)—f(, n. n)] < 27 (all n > k) 
so that where x 
f = lim f(., n) 

no 

we have 
f = lim f(., n, n) 

n>0 
This is therefore true except in a set of variation less than 
22-k, As k is an arbitrary integer the set has variation zero, 
and we have proved (39.7). It follows that 


inf fj; = lim min f; sup fj = A 


j>1 kom 13 j32k  j>1 


= lim inf fj, lim sup fj = lim sup fy 
k>o0 j 2k fro kom j> 


are also h-measurable, under the hypotheses of the theorem. 
Thus the usual processes of analysis, when applied to h- 
measurable functions, give h-measurable functions. 
Ex. 39.1. For 0 <x<l let f(x) = y. log 3/2y(y = #1), 
while f(0) = 0. Show that 


(V) | fde = 2(log 2)-?—2(log t-1)-# > 2(log 2)-+ 


ast > 0+. By Theorem 46.1 (p. 113), the variational integral 
exists for [0, 4] with value the limit. On the other hand, in 
Theorem 39.2 we take ax = 1/k, so that 


1/k 
fel) = k(V) | , Jde = 2kllog k-12 (0 < æ < 1/k) 


If g majorizes the sequence {fx} show that g can have no 
variational integral with respect to x in [0, 4], using 


as 1>0+. Thus the sequence {fx} of step functions of 
Theorem 39.2 is not always majorized by a function that is 
variationally integrable with respect to h in E. 


q WENA Mr Rew e 


ANS? — 


dd A AC* with respect to h in E Jena VB* in El 
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Ex. 39.2. Show that a continuous real function f is h- 
measurable, so that f is variationally integrable in E with 
respect to h, if h is VB* and variationally integrable in Æ. 

Ex. 39.3. If f is VB* and g is continuous, show that f is 
variationally integrable with respect to g. (Use Ex. 39.2 and 
33.2 (p. 73) and integrato by porga 

Ex. 39.4. By using Ex. 34 2ÍsHow that continuity of h* 
can be dropped in Theorem 39.1. 
Theorem 39.2.) 


[$39 


(Use a construction as in 


40. An absolute integral is AC*, and the integrability 
of a product $i 


We can now improve Theorem 30. Fin the case when the 
integral is absolute, giving a converse to Theorem 34. i >? 


THEOREM 40.1.f If hs is real for s = l, r, and if |h], (£h1, fhr}, 
and (|£h1], |fhr|} are all variationally integrable in the elementary 
set E, then . 3 A D Ss 

a 


i 


By Theorem 19.2 (p. 27) et n suppose o that f is real, and 


then by Theorem 25. 4,6 46 


fu Med If D— 


is variationally integrable with respect to |h| in E. Let Xm 
be the set where fm # 0. Then 


fu = (lf |—M)ch(Xu) > 0 


as M => œ, and is bounded by |f |, so that by Theorem 37.1 
(37.8; 37.10), p. 86, 


Kı = (V) finan >0 


as M > œ. Given e >0, let M be so large that K1(E) < je, 
and then X so small that V(h; E; X) <e/(2M). Then if 


far* = Ifl—fus fat] < M, Ka = (V) | fur* dlh] 


+ This corresponds to Lebesgue theory as contrasted with Denjoy theory. 
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we have by Theorems 31.2 (31.12), 31.1 (31.3), 
i and Ex. 26.6/P.+9) 


99 
(30.3) AED 
lj 
V(K; E; X) < V(K1; E)+V(K2; E; X) < te 


+M.V(h;E;X) <e 


This proves the first part of the theorem. The second part is 
obtained by taking X = E and omitting the final < e€, as soc 
as it is noted that h is VB* from Theorem 31.2 sino) 


THEOREM 40.2. Let f be variationally integrable with 
respect to a continuous h in an elementary set E, and let g be of 
dación variation. Then 


| [Vilin Saga vf fgdh 
E en, fhr}, {|fhal, l£hr]), [a] are all integrable in E, 


where hs(s = 1, r) are real, and if g is bounded and h-measurable, 
i then again (40.1) exists. 
In the first case, 


(40.1) 


í (V) fran N (40.2) 

30% continuous, by Theorem 21.2 (21.12; 21. 13); “30 that by 
ÉS Ex. 39.3,(g is variationally integrable with respect to (40.2) in 
| E. In the second case (40.2) is finitely additive and VB* and 
| so is the difference of two finitely additive non- -negative interval 


functions. Thus g is variationally integrable e. to = 
(40.2) in E. We have used Theorems > on 1 (31.5) 60” 
rnd 37.1, In both cases the last st y diving’ (40. 1), is ob- 


tained from Theorem 31.3 (31. ee 
These results more precise than the third result of 
Theorem 39.3 36) 
he 


La (21-12 66 rond ong E anallgun of Told TH sob 
[See ES Me Rue clgsotonsp. 145] | 
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DOUBLE INTEGRALS 
AND FUBINI’S THEOREM 


41. The plane 


We can define Riemann-complete and variational integrals 
in n-dimensional space, or even in an abstract space, as in 
Henstock (196la and b). However, too great a generality 
might obscure the essential simplicity of the present approach 
to integration, so that here I will be content with extending 
to integrals in a plane. 

Gece Be ee we see rectangles Rw with sides parallel 
to the x- and y-axes of the rectangular Cartesian coordinate 
system, and all rectangles mentioned in this book are to be 
of this type. The z-axis is taken to be horizontal and the 
y-axis vertical, and we put w = (2, y) and Ry = (Iz, Ly), 
where Iz, Iy are the projections of Rw on the x- and y-axes, 
respectively. Each Rw has four vertices, that can be num- 
bered clockwise from the top left-hand vertex and used as 
associated points. d 

For divisions of closed intervals we have used intervals 
open on the right. Here, a division of a closed rectangle 
consists of half-open rectangles. More precisely, given four 
real numbers a <b,u <v, we define the closed rectangle 
Ry = ([a, b], [u, v]) to be the set of points (a, y) for all x, y 
satisfying a <x <b,u <y <v. The half-open rectangle 
Ru” = ([a, b),[u, v)) is the set of points (x, y) satisfying 
axx <b,u<y <v. Thus if Ry is closed, Le and Iy are 
closed intervals, while if Rw- is half-open, Iz is open on the 
right, and so is Iy if we rotate the y-axis bodily through a 
quarter turn to bring the part with y > 0 into coincidence 
with the part x > 0 of the w-axis. Thus we can define the 
Riemann-complete and variational integrals using the Iz, Iy. 
An elementary set By is the union of a finite number of closed 
rectangles. Clearly, these can be taken as non-overlapping, 
where two rectangles are overlapping if they have a rectangle 

common. : 
ye division 2 of the elementary set Bw is a finite family of 
disjoint half-open rectangles R.1”, such that the union of the 
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corresponding closed rectangles is By. To exhibit the Rui” 
we sometimes write Q{Ry1-}. We also write B.” for the 
union of the Ry1~. With the division we give a specification 
stating which of the vertices is to be thé associated point of 
each rectangle in 2. 

For j = 1, 2, 3, 4, a family @/ of half-open rectangles is 
j-complete in an elementary set By, if to each point w1, that is 
the jth vertex of some rectangle in By, there corresponds a 
half-open rectangle Roa in By with jth vertex wı, called the 
defining rectangle of € at wi, such that every rectangle in 
Rwe with jth vertex w; liesin €, The j-complete families are 


the analogues in two dimensions of .P and & for one dimen- 
sion. 


THEOREM 41.1. If & is j-complete in an elementary set 
By, for j = 1, 2,3, 4, then there is a division of By formed 
from the rectangles of these four families. . 
Suppose the theorem false. Then we can divide By into a 
finite number of closed rectangles. If the theorem is true for 
each of these rectangles it is true for By. Thus it is false for 
a rectangle, say Rus = ([a, b], [u, v]). Bisecting the rectangle 
by lines æ = }(a+b), y = §(u+v), then as before, the 
theorem is false for at least one of the smaller rectangles. 
We choose the left-hand topmost one. This construction 
may be repeated, and we obtain a sequence 


Rus 2 Rust 2 ... D Ryg” D ... 


of rectangles. Let (an, yn) be the first vertex of Ry3”. Then 
{£n} is monotone increasing and is bounded above by b, and 
so tends to a limit, say 2. Similarly (yn) tends to a limit Y. 
If Rua? is the defining rectangle of £j at (x, y), forj = 1, 2, 3, 4, 
there is an integer n such that R,, 3” is contained in the union 
of the Ryqi(j = 1, 2, 3, 4). Lines through (x, y) parallel to 
the axes divide PR," up into one, or two, or four rectangles, 
each lying in an &/ with (x, y) as the jth vertex, for an appro- 
priate value of j. Thus the theorem is true for Rw3”, contrary 
to hypothesis. Hence the theorem must be truet. f 
We put C, = (6,1, &,2, 6,3, 6,1), where o stands for any 
collection of suffices; and if, in this book, we say that O, is 
complete in By, a two-dimensional set, we will imply that 


} Theorem 1 shows that the collection C = {61, &2, &3, &4} is complete 


in Bw, in the sense of Henstock (1961a) This book can be read without a 
knowledge of that papef. 
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By is an elementary set, and that Eo is j-complete in 
Bulj = 1, 2, 3, 4). 


THEOREM 41.2. Given C complete in Rw = ([a, b], [u, v]), 
then to each fixed x in [a, b] there corresponds a division Q(x) 
of [u, v] with a given specification, and there is a set A complete 
in [a, b], such that if Ix is in Z U L with associated point x, 
and if Ty is in B(x) with associated point y, then (Ix, Ly) is in 
the corresponding E! with jth vertex (x, y). 

Let F be a family of rectangles. If I, is a fixed interval on 
the z-axis then the family of all intervals I, on the y-axis 
such that (Iz, Ly) lies in ¥, is called the I,-slice of F. Let x 
be fixed in [a, b], and let (Iz1, Iyı) be the defining rectangle of 
$1 at a point (æ, y). Then every interval Lya in Iyı with top 
vertex y lies in the Iz9-slice of $1 for each interval Lag in La 
with left vertex x. It follows that the limit as 5 > 0 of the 
[x, w+8)-slice of $1 is the ‘left’-complete set #1, in an obvious 
notation, of intervals formed by using the Jy; as defining 
intervals. Similarly, from &4 we obtain a ‘right’-complete 
family 21 of intervals in [u, v]. From &2, &3, using [v —ò, x)- 
slices, we obtain, respectively .La ‘left’-complete and Za 
‘right’-complete in [u, v]. From Li N La, Ri N Ra we can 
define a 81(%; y) >0 such that [¢, y) is in Li N Lo, [y, t’) in 
Ay, N Be, for intervals of length not greater than 81(x; y). 
Suppose that to each x there corresponds a division Q(x){Iy} 
of [u, v] such that if y is the associated point of Iy then the 
length of Iy is not greater than 31(%; y). Then to each such 1, 
corresponds a 82 such that Iy is in either the [x, w+8)-slice of 
é! and the [2—3, x)-slice of €2, for all 0 <5 < d2, when 
Ty is ‘left’-hand; or is in the [2—8, w)-slice of $3 and the 
[x, #-+8)-slice of &4, for all 0 <8 < 02, when ly is ‘right’- 
hand. Let 33(%) > 0 be the minimum of the 82 for the finite 
number of Iy in Q(x). Then 83(x) can be used for a da inde- 
pendent of which of the Iy in Q(z) is being considered, but 
is dependent on x, and it defines the final complete set A 
that is independent of y. Thus we have proved the theorem. 


42. Functions of rectangles 


A function h of rectangles Ry, or a rectangle function, is 
defined in an elementary set B, if to each rectangle in By 
(with sides parallel to the axes) there is assigned a number. 
The rectangles in our divisions are all half-open, so that we 


APR tee 
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can write h(a, b; u,v) in place of h([a, b), [u, v)). To define 
finite additivity, superadditivity, and subadditivity, we can- 
not restrict ourselves to two rectangles and their union, as there 
is likely to occur a situation like that of Figure 1 in which 


Figure 1 


the union of no two rectangles of the division gives another 
rectangle. Thus we use the following definitions. 

A rectangle function h is finitely additive if for each division 
DRur)j of every closed rectangle Ry, we have 


(9) Xi h(Rur-) = MB”) (42.1) 


If h is defined for elementary sets, too, we shall require also 
that if 2 is a division of an elementary sot By, then we can 
always replace R,,~ in (42.1) by Bw”. The rectangle function 
h is finitely superadditive (respectively, subadditive) if in (42.1) 
we can always replace = by < (respectively, >). 


43. The integration of rectangle functions 


We now use a vector h whose components are four rectangle 
functions hy, for j = 1, 2, 3, 4, defined for half-open rectangles 
Ry contained in an elementary set Bw. Corresponding to 
each division Q{Ryi-} with a given specification, so that 
Rui” has its jth vertex as associated point, there is defined 


(J) =X hj(Rwi-) = (2) 2 hy 


a sum 


h 
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We denote by S(h; G; By) the collection of such sums, for 
all divisions of By formed from the rectangles of 


EK = 1, 2, 3, 4), 


where Rw” lies in 67. Then the real or complex number J 
is the Riemann-complete integral of h in By if, given « >0, 
we can choose C so that S(h; C; By) lies in the closed circle 
with centre I and radius e. The notation for J is 


RC(h; By) = (RC) h 
Bu 
As in one dimension there are special cases. If hy = 
h (j = 1, 2, 3, 4) we replace h by h. If hy = f(a, y)hy*, where 
(x, y) is the jth vertex of the corresponding rectangle, we 
put 


{fha*, fho*, fha*, fha*} 
for h. Finally, if 
Hale, æ; y, y) = g(x’, y) —glo, y) —g(e”, y) + 9(% y) 
where g is a point function, then 


(RO) | fàg = (RO) | (fHn fHn JAJA) 


where the value of f is taken at the jth vertex, forj = 1, 2, 3, 4, 
respectively. 

Next, h is variationally equivalent to h* in an elementary 
set By if, given e > 0, there are a Cı complete in By, and a 
non-negative finitely superadditive rectangle function xw 
defined also for By~, such that 


Xw(Bw”) <e (43.1) 
[hy(Rw1-) — kB) < xw(Rwi-) 
(Rur E 11, j = 1, 2, 3, 4) (43.2) 


If h;* = H(j = 1, 2, 3, 4), where H is finitely additive, then 
H(B.”) is called the variational integral of h in Bw, written 


(V) h 


Bu 


The special cases are as for the Riemann-complete integral. 


{ 

| 
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i The equivalence of the two integrals follows as in Theorem 
$ 24.1 (p. 40) for one-dimensional sets. 


Ex. 43.1. If g is a point function, and if 0?g/0xr0y exists 


as the limit 
lim Hols, +j; y, y+h) lk 
$,k30 5a 


| for each (x, y) in By, prove that the variational integral of 
| 02g/0x0y with respect to the area function in By, exists and is 
Y equal to Hy(By”). 

Ex 43.2. Show that the two-dimensional analogues of the 
Riemann-Stieltjes and Burkill integrals of Section 3 (p. 5) 
are equal to the corresponding Riemann-complete integrals. 
Note that if in the Riemann-Stieltjes sum we use the point 
(€, y) of Rwi, we can draw lines through the point parallel to 
] the x- and y-axes, dividing Rwı up into one, two, or four 
rectangles, so that each such sum is a sum using the four 
vertices alone as associated points. 


Ex. 43.3. Prove that if Goo GA f Canasta 
1125, p. 
Ea, 38 See MART, 9 
Bh 


fla, y) = Ar—yle+y)3 (x > 0,y > 0,a+y >0 
f(0, 0) = 0 


y then (P) | in f Ha, y de a y = -Lth Sbodule R 2, 
| 


7) f {m ff vray ae = 


1 Also prove that the variational integral in ([0, 1], [0, 1)) 
minus ([0, x),[0, y) is (y—2)/(w+-y), for æ, y in (0, 1), tending 
to 1 if x tends to 0 first, and then y; tending to —1 if y tends 


to 0 first, andAhen x. 
Ha. 43.4. ot mI be the length of the interval I, m (empty 
set) = 0, and put 
mite, 2) N (y —yY 24" —2y))(w > 0) 


OS Sc tao 


yy 
Show by taking y” <y+ Soni ad He Pin YA. 
([0, 1]; [0, 1]) is 0, whereas the variational integral in the 
y-direction in [0,1], of the variational integral of h in the 
Ll x-direction in [0, 1], is 1. 
L ~~ Ex. 43.5. Let f(y) be a point function independent of x, 


ke hiz, ; y, y’) = 
fdo nl 


et H be a function of rectangles (Iz, Iy) La is OE 
n dy Nie ás rly odes Mata 


) 

2N 
4 sc -À 
REA 
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additive in Iy. If f is variationally integrable with respect 
to H in Ry = ([a, b], [u, v]), show by using Theorem 41.2 
with x and y interchanged, that 


(v) faH = 
Rw 


V) f fäH(a, b; .) 


Ex. 43.6. Let F be a function of a point v and an interval Iy 
that is finitely additive in Iy, and let hz be a pair of functions 
of x-intervals independent of y. If 

hy = ha = Fher, ha = ha = Fha 
and if h is variationally integrable in Ry» = ([a, b], [u, v]), 
show by using Theorem 41.2 that the variational integral is 
equal to 


b 
(V) Í F(.;u, v) dh; 


44, Fubini's theorem 


In this section we give cases when a double integral is equal 
to a repeated integral, and when we can invert the order of 
integration in a repeated integral. Ex. 43.3, 43.4 show that 
for the second to be true we probably need the existence of the 
double integral, but even if it exists it is not always equal to 
the corresponding repeated integrals. Thus we have to restrict 
the rectangle functions used. For a deeper example, of a 
non-measurable plane set that has just one point in common 
with each parallel to the axes, see Sierpinski (1920). 

THEOREM 44.1. Let the pair hy of interval functions be 
VBG* in [a, b], let hy(x; .) be a pair of interval functions in 
[u, v] with parameter x in [a, b], and let 


a(x x's y, y) = bela xhi Y, 9) =f Gere: MG, 
he(x, x’; y, y) = halz, x)Mylx 5 y, y) > 
ha(x, x’; y, o = hxi(x, x’)hyr(x’; y, y”) 

( ( 


ha(x, x’; y, y’) = hxr(x, x)hyr(x; y, y”) 


in 
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exists, except for x in a set X with 
V(hx; [a, b]; X) = 0 (44.2) 


and if we put 0 when J(x) does not exist, the variational integral 
of 
{J (x)hxi(t, x), J(x 


is H(Rw), in [a, b], ie. 


)xr(x, t’)} (44.3) 


wf o Babies) = (V) f : (cv [hy] a 


Given e >0, there are C, complete in Ry, and xw, non- 
negative and finitely superadditive, such that 


Xw(Rw-) <e (44.4) 
|H (In, Ly) —hy(Lz, Ly)| < xulas, Ly) 


(La Iy) € &4,j =1, 2,3,4) (44.5) 
As in the definition of the Riemann-complete integral, we 
consider the set 


S(hy(2; .); A; [u, v)) ` (44.6) 


of sums over divisions of [u, v] from a set A complete in 

[u, v]. If for a given integer n and all A complete in [u, v], 
(44.6) has diameter greater than 1/n, we put x into a set Xin. 
Then there are two sums Sj, S2 from divisions of [u, v] using 
A, such that 


1S,—Sa] > 1/n (44.7) 


RE such an x, and the given C, we can define the 81(%; y) >0 
jot Theorem 41.2f and so obtain an A complete in [u, v]. Let 
1, La be ed divicións of [u,v] using A that give sums 

1, S2 satisfying (44.7). By using one 21 for each æ of Xin, 
and arbitrary 2 from 081(w; y) for other x, we obtain in 
Theorem 41.2 an Ay complete in [a, b]. Similarly, using the 
other 2z for each x of Xin, and arbitrary 2 from 81(%; y) 
for other x, we obtain Ag, and then Ay. Ag will be connected 


in the same way with both 9, and 2z. Thus from (44.5), as 
Xw is finitely superadditive, 


T |H (In; u, v)—hzs(Iz) S| < 


If h has a variational integral H(Rw) in Rw = ([a, b], [u, v]); 
then the point dis 


= (V) "hyi; (44.1); 
LAA (PE ~)4 ie: 
sy de we Rave Be Mae? 


xwlLo; Y, v). 


TW Lee gwes 
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(k = 1, 2; s = l, r according as Iz is in Lı N Laor Ait Rə), 
Ihas(Lz)|/n < (has(La)1.181—S2] < 2xw(1z; w, v) 
This gives, using (44.4), 
Vihz; [a, b]; Xin) < 2nxw(a, b; u, v) <2ne 


As e >0 is arbitrary the variation is 0. This is true for 
n = 1, 2, ..., 80 that (44.2) follows from Theorem 28.1 (p. 49). 

We now show that the variational integral of (44.3) is 
H(Ry-). We are given that hz is VBG*, so that by Theorem 
29.1 (29.1; 29.2), p. 56, there are a non-negative finitely 
superadditive interval function yz, 4 point function k(x) >0 
and a set Az complete in [a, b], such that 


|has| < k(2)xx (44.8) 


for intervals of Z3 U &s3 with associated point x. Also, for 
each x not in X and each e >0 there are aidi >0 with 
ivi 


3 < $1, and a non-negative finitely superadditipive interval 
function yy(%; .), such that ww 

xulo; u, v) < el(le(e)xala, b)} (44.9) 

|RO(hy(x; .);Iy)—hħysl£; Iy)| < xul; 2) (44.10) 


(8 =1,1, =[y—8, y); or 8 = r, Iy = [y, y+0); 
with 0 <8 < 82(x; y)) 
Using 83 there is a division Da{p, q) of [u, v] such that by 
(44.10), 
|[RC(hy(x; .);[u, v]) —( Ds) E ysl; p, 9)| < xulo; u v) 
(44.11) 


The integral in (44.11) is J(a). We use 2z to define §3(x) for 
xæ outside X. If Iz is [x—8, x) or [x, +8), with 0 <è < 83(2x) 


and if Iy isin Qs, then (44.5) is satisfied, so that with a (2) 


we obtain 


|\H(Iz3 u, v) —J(a)has(Lx)] < xwlLz; Y v) + 
+xyle; u, v)\has(Iz)| (44.12) 


where s = l, r according as Is is left-hand or right-hand. 
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By (44.8; 44.10; 44.12), 
|H (Iz; u, 0) -J(x)hes(Lx)| 
< xwlIz; u, 0) +exa(Lo)/xola, b) (44.13) 
(s =l, Is E23 N Za, or 8 = r, Is € RN Ba) 


where Au is formed from ŝs(x). The sum over a division of 
[a, b] of the right-hand side of (44.13) is bounded by 2e, so 
that the variational integral of (44.3) is H(Rw). 

There are two important groups which are special cases 
of Theorem 44.1. First we have those connected with Fubini’s 
theorem. ( 2. ; | 


THEOREM 44.2. Let ox, py be VBG*! interva functions in 
[a, b], [u, v], respectively, and let f(x, y) be a point function in 
Rw = ([a, b]; [u, v]). If 


hj(Ix, Iy) = f(x, y) ox (Lx) py (Ly) 


where (x, y) is the jth vertex of (Ix, Iy) and if h has a variational 
integral H(Ry”) in Rw, then the point functions 


v b 
J(x) = mf f(x,.) dey, K(y) = vf f(., y) doz 


exist, except for x in X, y in Y, with 


V(ọx; [a,b]; X) = 0 = V(ọy; [u, v]; Y) (44.14) 
and also 


b Y 
V) | Idex = (V) | Kagy = HBw) = V) |. 1d0xos 
a u Ry 
If also h is VB* in Rw, or if qx, gy are VB* and 


HHR) = (V) | If |dV(oxs JV (ys -) 


R w 
exists, then 


v b 
Tx) = (V) |" LEV Ky) = V) Pinares» 
u a 
exist, except for x in X, y in Y, satisfying (44.14), and 


b v 
(V) | IAV loxs ) = (V) || K+aVieys ) = ER) 


Ther could Ge o- FLARA 72 alaaa 


Ext 


Nely sucud Caa - 7 
i TEEÔREM 44.4. Let f be a point function in [u, v], and Ly 
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In particular, ox and py can be read as point functions. More 
generally, they can be read as pairs of interval functions. 

This includes the example at the bottom of p. 367 of W. H. 
Young (1910). 


7,3 Tunorzm 44.3. Let hx, hy be VB* in [a, b], [u, v], respec- 


tively, and let Wy be a plane set. Denote by Wy(x), W:(y) the 
sets, respectively, of y for fixed x, and of x for fixed y, such that 
(x, y) ts in Ww. In Theorem 44.1 let hy, ha be the vectors ob- 
tained by replacing hys(x; .) respectively by 


ch(Ww; (x, 7))hys, hys 
where y is the associated point of the y-interval. If |hi| is varia- 


tionally integrable in Rw = ([a, b]; [u, v]), then 


e b 
V(ha; Rw; Ww) = mf V(hy; [u, v];Wy(.)) dhx 


Vv 
=(V) |” Vias fa, b]; Wet) dy 
> 61 
In Theorem 44.3 we use Theorems 44.1 and 31.2 (31.9),/an 
the plane analogue of the latter. 
The second group of theorems are connected with some due 
to Cameron and Martin (1941), and Robbins (1948). 


F(x; Iy), G(Ix) be interval functions in [u, v], [a, b], respec- 
tively, the first interval function containing a parameter x that 
lies in [a, b], and the second being VBG*. If 


hj(Le Iy) = G(Lof(y) F(x; Ty) 


where (x, y) isthe jth vertex of (Lx, Iy), and if h is variationally 
integrable in Ry = ([a, b]; [u, v]) to H(Rw”), then 


iG =0% ib f dF (x; .) 
exists, except for a set X of x satisfying (44.2), and 
b b v 
(V) | JdG = (V) | [wv f fdF(x; 326 


exists and is equal to H(Rw-). If also |h] is variationally integrable 
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in Ry to H+*(Ry”) then 
F(x) = V) | ¡AVI 25.) 
exists except for a set X of x satisfying (44.2), and 
(v) f J+ dV(G; .) 
a 


exists vE is equals to H+(Ryw7)- 
OREM 44.5. If in Theorem 44.4, F(x; ly) is finitely 
additive in Iy, and if 


V) fF 1) 26 


exists for each Iy in [u, v], then the integrability of h in Rw 
implies the existence of 


m | “safo Í E F(; 1) dG] = HRe) 


and similarly for the absolute form. 
Theorem 31.3 (31.20), p. 63 (integration by substitution) for 
two dimensions gives 


Rw 


(Y) b= (1) | fav) | rae 
Rw Rw 


where Ru” is the rectangle of integration in Ry. As f(y) is 
independent of v, as the variational integral is finitely additive 


and a i 1 nitely additive in Iy, we obtain by Ex. 43.5; 
43.620.109” O), 


(v) a= (0) [salen f rac | 


Rw ([a,b]i Ty) 
=(1) fsa f’ Pes tnaa) 


Theorems 44.4 and 44.5 together give the ‘Unsymmetrical 
Fubini Theorem’. The integrals of Cameron et al (1941) and 
Robbins (1948) are over an infinite range, but this will make 
no difference to the theorems, as will be pointed out in Chapter 
7, and the discussion will be completed there. 


ew" 
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*45, Further results 


Theorems of previous chapters can be generalized to two 
dimensions, apart from 22.2, and those of Sections 23, 32 
and 33. But Sierpinski's Lemma is replaced by Vitali's 
theorem, and we cannot prove that a two-dimensional set of 
inner variation zero is of variation zero. Thus when we 
differentiate the integral 


(V) fran (45.1) 


the exceptional set of inner variation 0 is not always of varia- 
tion 0, and in the case when hı, ..., ha are all the area function 
we have to assume the integrability of |f |max(log|f |; 0). 
For Vitali’s theorem see, for example, Saks (1937, pp. 109-112) 
and Jeffery (1951, pp. 110-114). For the strong differentiation 
theorem of Jessen, Marcinkiewicz and Zygmund see, for 
example, Saks, 1937, pp. 147-9). 

The two-dimensional integration by substitution is inter- 
esting, in that it is enough to assume in (45.1) that 


hy = (V) f gah (j = 1,2, 3,4) (45.2) 
obtaining by the analogue of Theorem 31.3 (31.20), p. 63, 
(V) fraw (45.3) 


In the special case when hy is the area function in the (a, y) 
plane, and h;* that in the (u, v) plane for j = 1, 2, 3, 4, where 
æ = x(u, v), y = y(u, v) are suitable functions, then g is the 
two-dimensional derivative D(h, h*; B; (u, v)), which by a 
well-known proof is the modulus of the Jacobian 


A(x, y)/0(u, v) 


Lack of space forbids further elaboration. 


| 
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THE CAUCHY AND DENJOY EXTENSIONS, 
AND THE INTEGRAL IN AN INFINITE 
RANGE 


46. The Cauchy extension 


On previous pages all our integrals have been in a finite 
interval or a finite rectangle. But in practice we have to 
integrate in many other sets. We have already integrated in 
a set X, each point of which lies inside an interval J, simply 
by introducing the characteristic function of X in the appro- 
priate place and integrating in IJ. The next step is to integrate 
in an interval when difficulties occur at one or both ends of 
the interval. When the integral H(a, u) exists for each u in 
a <u <b, then A. L. Cauchy (1789-1857) defined H(a, b) 


\&~ sto be the limit of H (a, u) as u > b> if the limit exists. We call 


such an extension a Cauchy extension of the original integral. 
It is important to note that if we take into account any dis- 
continuity of the interval functions at b, then the Riemann- 
complete integral already contains such a Cauchy extension, 
as Theorem 46.1 shows. 


THEOREM 46.1. If H(u, v) = RC(h; [u, v]) exists and is 
finite for each u, v ina <u <v <b, and if, for each u in 


N, a<u <b, 


(Y Hy(u, b) = lim na, b—«)+h,(b—e, b)} (46.1) 


exists, then H(a, b) exists and is equal to Hy (a, b). 


Thus (46.1) is sufficient for the existence of H(a, b) in this 
case. By Theorem 21.2 (21.12; 21.13), p. 33, it is also 
necessary. 

Putting us; = b—(b—a)2-4(j = 0, 1, 2,...), we are given 
that H(wj-1, uj) exists and is finite for j = 1, 2,.... Given 
e >0, then there are Aj; complete in, and formed from 
intervals in [e-1, 45], such that 


S(h; Arz; [uz-1, uy)) (46.2) 


lies in the closed circle centre H(uj-1, uj) and radius e.2-4-1, 
113 


alos 
Pur 
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Also, by definition of Hi(u, b) there is a 8 >0 such that if 
b—5 <v <b then 


|H(u, v) +hi(v, b) —Hi(u, b)| < $e 
and this, by the finite additivity of H gives 
|Hx(v, b) —hi(v, b)| < je (46.3) 


Let Z be the union of the L£1;, together with intervals 
[v, b) for b—5 <v <b, and let Z be the union of the Bij. 
Then A is complete in [a, b], so that we can obtain divisions 
9 of [a, b] from A. By construction such a division can be 
split up into divisions Jı; of [uj-1, uj = 1, 2, s J—1), 
for some integer J, together with an interval [v,b) with 
usa <v < uy, and a division Di, of [uy-1, v]. Using (46.8), 
the results for sets (46.2), and the proof of Theorem 21.2 


(p. 32), M 


(DÉ hs = Y (Diz) 2 hs+hlv, b) > ‘ 
j=l hs nhe lakog 
J | i 


, Lora 
Y (2172 (hs —H) + (o, b) —Hi(o, b)} 2 
jel 
J-1 
<b ¢.2-s-1+e.2%te.2l =e 
jel 


By the finite additivity of H we see that H(a, b) exists and is 
equal to 
H(a, v) + H1(v, b) 


this sum being independent of vin a <v <b. 

Note that if we use the characteristic function of [a, ul, 
integrate in [a, b], and then take the limit, the result is the 
integral in (a, b), if it exists, and not the integral in [a, b]. 
The point b adds the limit (46.1). 

Similar results occur if the Riemann-complete integral 
exists in [u, b], for each uin a <u <b, and if the limit corre- 
sponding to (46.1) exists; or if the Riemann-complete 
integral exists in [u, v], for each u,v ina <u <v < b, with 
two appropriate limits occurring as u, v tend independently 
and respectively to a,b; or if we have similar situations in 
two dimensions. 


op The situation is different when u > a, v > b simultaneously, 


et k> 


7 for example, when u—a = b—v. This can occur in integration 
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=d by using complex contours and the calculus of 
, and the result is a genuine extension of the Riemann- 
integral, as Ex. 46.1 shows. Thus not all the 
ms need be true for this extension. 
or more conditions for the existence of 

lim H(a, u) 


u=>b- 


One 


are usually given in textbooks on elementary analysis, and 
ese conditions are relevant here to tell us when some 
Riemann-complete integrals exist. 

Ex. 46.1. Let h be Riemann-complete integrable in [0, u] 
for each u in 0 <u <1, but not for u = 1, and put 


hi(u, 1) =0(0<u <1) 


hi —v, —u) = —hy(u, v), 


hy(—v, —u) = —hy(u, v)(0 Su <v <1) 


lim RC (h;[—u, u]) = 0 

url 
and give a concrete example satisfying the first part of the 
exércise. 


47. The integral in an infinite range 


= 


Iz is usual to define the integral in the range [a, +00) from 
a to +o as the limit as b > + œ, of the integral in [a, b], if 
the limit exists. This is clearly an extension of the Riemann- 
plete integral as we have defined it, but by a simple 


transformation we bring the integral into the area covered by 
the previous chapters. The function 


t(x) = 2/(1—2?) (-1 <v <+1) 


is 0 at x = 0, tends to +00 as x tends to 1 from below, and 
to —o as a tends to —1 from above. Thus we can put 
s, s’, a’, b’ as the numbers with 


t(u’) = u, Uv’) =v, ta’) = a, t(b') = b, 
and then define 


h* (w, v) = hs(u, v) (s = 1,7), hi*(u, 1) = 0 
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By definition of the Riemann-complete integrals, 
RC(b* ; [a’, b']) = RC(h; [a, b)) (47.1) 


the first integral exists as we are supposing that the second 
does. By definition, (47.1), and Theorem 46.1, 


RC(h; [a, + 00)) = lim RC(h; [a, b]) 
b>% 


= lim RO(h*; [a’, b’]) = RO(b*; [a”, 1) (47.2) 
bal 


Similarly we can define 


RO(h; (— œ, b]) = lim RC(h; [a, b]), 


a>-0 


RC(h; (—00, +00)) = lim lim RC(h; [a, b]) 


a= h>40 


and if we suppose that h,*(—1,v) = 0(—1 <v < 0) we obtain 


RC(h; (—oo, b]) = RO(B*; [—1, 0), 
RC(h; (—00,+00)) = RO(h*;[—1, +1]) (47.3) 


Similar results hold in two dimensions. In this way we 
can show that all theorems using a finite range hold also for 
an infinite range, without having to take limits as 


a> —0,b-> +00 


In particular we can say that A is complete in [a, +00), if 
A is complete in [a,b] for each b >a, and if Z contains 
infinite intervals [v, +00) for all v not less than some fixed 
number. These remarks are particularly important where 
otherwise we would have to consider iterated limits. For 
example, all theorems of Chapter 5 are still true if we replace 
E by [a, +0), (—o, b], (—o00, +0), except that the step 
functions of Section 39 (pp. 92-7) are constant in some interval 
[v, +00) and in some interval (— œ, u]. Similarly for all 
theorems of Section 44 (pp. 106-11), so that in particular we 
obtain a theorem that includes the theorem of Cameron, 
Martin and Robbins. 


am 
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mj (m $7 to) arcs y) dees) 


= v) |" 12m f? resmazoco) 


when ike corresponding double integral exists and the inner 
integral on the right-hand side exists. 


Ez. 47.1. Prove the following successive results. 


x < n!2¢ exp($x) (x > 2,a < n) 


Tye 


ye= is variationally integrable in x 
> —1,5 > —1 the result is true for x > 0 


> 
> y 
ransformation 


, 


z = w, y = u(l—v) (u > 0,0 <v < 1) 


the modulus of the Jacobian is 


(7) | 2te-2 de. (V) | yPe-v dy 
0 


0 
œ 1 

=(V) | wttdle-u du . (V) | o4(1—v) do 
0 0 


Gs 1,5 & Ay 


Xa that the results can be proved directly, just as if [0, 00) 
Snite interval. The final result is the well known 
mal relation 


Tía+1)T(04+1) =T(a+42)B(a+1, 641) 
(a >—1,5>-1) (47.4) 


the beta and gamma functions, usually written with 
T a+1,6+1 respectively, from which we derive 


T*(3) = T(1)B(4, 4) = B(4, 4) 


The transformations v = sin20, 2 = 412, and the non-negative- 


ness of the integrand give 
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Td) = m, (Y) MES (27) (47.5) 


Ex. 47.2. By using Ex. 33.1 (p. 73) for finite intervals, 
and Theorem 28.1 (p. 49) show that if f and y have finite 
derivatives in [a, 0) then 


V(H¿Hg; la, c0)) = 0 


By the transformation x = t(x’) this corresponds to a varia- 
tion in [a’, 1) with respect to [a”, 1]. Hence or otherwise show 
that if also 

V(H;Hy;[a, 0]) = 0 


then there are numbers f1, 91, such that 


{f(x) —fHg(2) 


Ez. 47.3. Tf one of the integrals in 


w) f sat) | gag Gatas 


exists then so does the other and we have the equality. 
Ex 47.4. Prove by integrating by parts in [0, œ], that 
ifa >0, 


—gı} > 0 as > 00, 


T(a+1) = (V) i ate de = aT(a) (47.6) 


0 


* 48. The Denjoy extension 


The Denjoy extension is given in the following theorem, in 
which it is shown that the extension does not give us any- 
thing more general than what we already have. 


THEOREM 48.1. Let h be a pair of interval functions and 
let F, containing a and b, be a closed set in [a, b], with 


G = (a, b) n CF 


which by Theorems 15.1 (p 
of disjoint intervals, say, 


. 20); 14.2; 14.1 (p. 19), is a union 


(U1, V1), +++» (Uy, Vy), = 
If there exist 


RC({eh(F)hy, ch(F)hy); [a, b]) (48.1) 


ee 
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RC({ch(G)hi, ch(G)hr); [u;, vil) (G = 1, 2, 3, ...) (48.2) 


, given e >0, there is an integer J such that for every 
ollection 2 of intervals [u, v], each contained in [u;, vi] 
me j > J, no two intervals [u, v] being in the same [u;, vi], 


1(2) 2 RC({ch(G)hi, ch(G)hy); [u, v])] <e (48.3) 
then there exists 


RCth; [a, b]) = RC({ch(F)h;, ch(F)h,}; [a, b]) 


+ È Re({oh(G)hy, eh 
j=l 
Note that (48.1) is the integral of h in F, with respect to 
Ta, b]. Also, the intervals in which we integrate are closed, 
so that to integrate in an open interval we use the character- 
istic function of the open interval; the omission of a single 
point may alter the integral if h is not continuous there. 

As the Riemann-complete integral is a distributive func- 
tional we can subtract (48.1) from both sides of (48.4), so 
that we need only prove that from (48.2; 48.3) follow the 
existence and equality of 


RC({ch(@)hi, ch(G)hr}; [a, b1) = Hi (a, b) (48.5) 


G)hr); [uy vy]) (48.4) 


where for each elementary set E, 


HE) = y ROC ({ch( G)hi, ch(G)h,); [uz 07] N E) (48.6) 
J=1 


As E is an elementary set, [uy, vj] N E is either empty or 
[u;, vj], for all but a finite number of j. Thus from (48.3) the 


dr 


sequence of partial sums of the infinite series on the right of 
(48.6) is fundamental and so convergent, so that Hı exists. 
Further, there are Az, complete in [u,v], such that the 


S({ch(@)hi, ch(G)hr}; Ary; (uy, v31) (48.7) 

lie in the circles with centres Hi(u;, oj) and radii e.2-3, 
j = 1,2, ... so that from the proof of Theorem 21.2, (p. 32), 
the P({ch(G)hi—H1, ch(G@)hy—H1}; Aiz; [uz v3)) (48.8) 


lie in the circles with centre the origin and radii ¢.2-J+1. 
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From the Aj; we construct A, complete in [a, b], in the follow- 
ing way. The intervals of Z with right-hand end-point « 
in (uy, vj] are those intervals of #1; with right-hand end-point 
x, that lie in (uy, vj], for j = 1, 2,.... If wis in F and is not a 
vj, we include in £ all [t, x) that lie in [a, b] but do not overlap 
with (uy, v;) for j <J. The construction of & is obtained by 
obvious changes. Let 2 be a division of [a, b] from A, and 
let [¢,«) bein 2 and Z. If x is in F and is not a v; then 


ch(G; x)hi(t, x) = 0 


and [t, x) can only overlap with (uj, v;) if j > J. Thus the 
sum of Hı(t, x), for such [£, x), together with the Hi(a, w) for 
[x,w)in 2 and &, with x in F and not a us, will be the limit 
of a sequence of sums over 2 satisfying (48.3), and the 
modulus will be not greater than e. If, on the other hand, 
[£, x) lies in 2 and Y, with x at a vj or in G, then for some 
integer j, x is in (uy, vj], and [t, x) is in Xiz. Similarly, if [x, w) 
liesin 2 and 2, with x at a uy, or in G. By the construction 
of A, we see that 


[ur 01), +++» [Uy—1, VJ-1) 
are covered wholly and 
[Uy, Vr), [Uy +1) VI+) + 


partially, or wholly by these [t, x), [, w). Thus by (48.6), the 
results for sets (48.7; 48.8), and the previous paragraph, 


1(2) 2 ch( @)hs —Hi(a, b)| 


J-1 o 
=1(9) E {ch(@)he—Hi}| < Y e.27-14 Y e.2Hl4e <3e 
j=1 jot 


which proves the theorem. A similar result holds in higher 
dimensions. 
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CONNECTIONS WITH EARLIER INTEGRALS 


49. The integrals of Sections 2 to 7 


The following integrals have already been proved to be in- 
cluded in the one-dimensional Riemann-complete integral: 


the Calculus integral (Ex. 17.2, p. 25) (49.1) 


the Riemann and Riemann-Stieltjes integrals (Ex. 


17.3; 174) G28 Ñ (49.2) 


the Pollard—Getchell integral (Ex. 17.5) 49.3) 
P2 

the Burkill integral of interval functions (Ex. 18. 49.4) 
i 


We now show that the Lebesgue and special Denjoy, and the 
Radon and special Denjoy-Stieltjes integrals (for a continuous 
monotone increasing integrator) are also included. To prove 
this we may naturally assume any relevant theory of the older 
integrals that is required. 


THEOREM 49.1. Leth be a continuous monotone increasing 
point function, let E be an elementary set, and let G be an open 
set. Then G N E is a union of disjoint intervals 


(uy, vi) (j = 1, 2, ...) 


together possibly with a finite number of points, and 


œ 
V(h;E; G) = È {h(v;)—h(u;)} (49.5) 
j=1 
ihe h-measure of G N E. Further, if X is a set of x, and h* 
ihe outer h-measure, 


V(b; E; X) < h*(X N E) (49.6) 


To prove (49.5) we use Theorems 14.1 (p. 19), 28.3 (p. 51); 
31.1 (31.3), p. 60; and Ex. 28.2 (p. 55). To prove (49.6) 
we need only use Ex. 26.6 (p. 48) and the definition of 
h*(X N E) as the lower bound of the h-measure of Q, for all 
open sets G > X N E, and (49.5). 
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THEOREM 49.2. Every Lebesgue or Radon integral of a 
point function with respect to a continuous point function 
integrator, is also a Riemann-complete integral. 

If f,g are point functions, with f bounded, g continuous 
and of bounded variation, and f measurable with respect to 
the variation of g, then the Radon integral of f with respect 
to g in an interval J is defined by 


(Radon) Í fàg = (Radon) f 130: Radon) IRL 


where gi, g2 are monotone increasing, with gi—gz = g. Thus 
we can assume that g is continuous and monotone increasing, 


in which case there is a bounded sequence {fn} of step functions ` 


convergent to f, except possibly in a set of outer g-measure 
zero. By Theorem 49.1 (49.6) this set is also of variation 
zero, with respect to g and J. The Radon integral of each 
step function with respect to the continuous and monotone 
increasing g is equal to the corresponding Riemann-Stieltjes 
integral, which in turn is equal, by (49.2), to the corresponding 
Riemann-complete integral. Theorem 37.1 (p. 85) completes 
the proof when f is bounded. 

When f is unbounded but non-negative, and g is continuous 
and monotone increasing, then min(f,n) is bounded and 
g-measurable, and so Radon integrable, with respect to g. 
By the first part the corresponding Riemann-complete 
integral exists with the same value. As n —> œ, the value 
tends to the Riemann-complete integral of f with respect to 
g in I, by Theorem 36.1 (p. 82), and to the corresponding 
Radon integral by the earlier theory. Finally, for the general 
f, 9, we split f up into its positive and negative parts, and g 
up as the difference of two monotone increasing functions, 
so that the theorem is proved. Note that the Lebesgue 
integral is the special case when g is w itself, and that to 
integrate over a set X we need only multiply f by the charac- 
teristic function of X. 


THEOREM 49.3. The special Denjoy and Denjoy—Stieltjes 
integrals for a continuous integrator of bounded variation, are 
all included in the Riemann-complete integral. 

The Cauchy and Denjoy extensions, given in Theorems 
46.1 (p. 113); 48.1 (p. 118), are precisely the extensions Denjoy 
used to define his special Denjoy integral from the Lebesgue 
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zral, and similarly for the Stieltjes form. Hence the 
rem. 

= The general Denjoy integral uses a different extension, and 
is not included in the Riemann-complete integral. 


50. The Perron and Ward integrals Inchudo 


on's integral is defined as follows. Given a finite point 
Function fia continuous point function h is a Perron major 
Funcion of f in [a, b], if 


Dh>f (50.1) 
where D denotes the lower derivative. Also h is a Perron 


minor function of f in[a, b], if —h is a Perron major function of 


—f in [a,b]. Then 


H(a, b) = inf{h(b) —h(a)) 


loz all Perron major functions of f in [a, b], is the upper Perron 
imtegral while 


H(a, b) = sup(h(b) —h(a)) 


- If the upper and lower Perron integrals are equal, 
they are the Perron integral. 


d's definition of his integral is as follows. Let f,g be 
point functions ina < g <b. A point function h is a 
; major function of f, g in [a,b] if h(a) = 0, and if for 
2 <= < b there is a 8(z) > 0 such that 


hlu) > h(x) +f(e){g(u) —g(a)} 
(0 < u—zx < 8(2), a < u < b) (50.2) 
A(t) < h(x) +f(@){g(t) —9(a)} 
(0 < x—t < 3(2), a < t < b) (50.3) 
== point function h is a Ward minor function of f, g in 


i= —hisa Ward major function of —f, g. The 
‘ower Ward integrals are ii SERENS 


ey 


inf h(b), sup ha(b) 


e Ward major functions h and all Ward minor functions 
2 f.g in [a,b]. If the upper and lower Ward integrals 


il re 


] 
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are equal their common value is the Ward integral of f, g in 
[a, b]. 


THEOREM 50.1. If when g is x itself we restrict the Ward 
major and minor functions to be continuous, then the upper 
and lower Ward integrals of f,x are respectively equal to the 
upper and lower Perron integrals of f. 

The restriction to continuous functions will later be shown to 
be unnecessary. If h satisfies (50.2; 50.3) when g is x then h 
satisfies (50.1). Conversely, let e >0. Then from (50.1), 


Dh >f-e 
so that h(x)-+ ex satisfies (50.2; 50.3) for some 3(x) > 0, and 
h(x) —h(a) + «(@—a) 


is a Ward major function of f, w in [a,b]. As e(b—a) is as 
small as we please, we have proved that the upper Ward 
integral of f, x is the same as the upper Perron integral of f. 
Similarly for the lower integrals. 

Note that in the definition of the Ward integral we have 
again used left and right intervals. In Saks (1937, p. 207), the 
small intervals are only supposed to contain x, so that in this 
case the associated point of an interval can lie anywhere in the 
interval. If we generalized this, we would not have just two 
interval functions but an infinity; that is, an interval function 
depending on a parameter that can take an infinity of values, 
and the theory of these, though following that given in 
previous chapters, would be more complicated to describe. 

After writing the bulk of this book I received a letter from 
Professor T. H. Hildebrandt, who very kindly gave me the 
references Hildebrandt (1926) and Young (1915), which in 
turn gave the reference N. Lusin (1911-12), in which Lusin 
gave a proof of my Theorem 16.1 (p. 22), so that he has the 
priority. However, no Denjoy-depth integration is based on 
that theorem, so that Henstock (1960a—1961b) appears to have 
the priority for the integrals. 

The next theorem shows that for point functions the Ward 
and variational integrals are equivalent. 


THEOREM 50.2. If for a <x < b there exists 


(Ward) f 7 fdg = H(x) (50.4) 
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: Hía) = 0, then H is variationally equivalent to f, g in 
Conversely, if H(a) = 0, and if H is variationally 
leni to f, g when we use finitely additive x, then H is the 
rd integral of f, g in [a, b]. 
If (50.4) exists fora <a < b, then, given e > 0, there are 
5. K’, respectively a Ward major and a Ward minor function of 
f.g., such that 


Mb) —H(b) <€ (50.5) 


Let 3,(1) > 0 be the smaller of the 3(w) for h, h’ at each point 
z. Then if 0 <u—xzx < (x), 0 <x—t < 81(x), with u,¢ in 
La, b], 
{h(w) —h (u)) —{h(x) —h (2) 
=[h(u) —h(x) —f(@){g(u) —9(@)}] — 
[w (u) —h (x) —f(e){g(u) —9(z)}] 
{h(a) —h' (x)} —{h(t) —h’()} 


> 0, 
20 

$ 
Using Borel’s covering theorem (Theorem 13.3, p. 18), 
h—h’ is monotone increasing. Letting h’ tend to H we see that 
h—H is monotone increasing. Similarly for H—h’. Again, 
for 0 <u—a < 81(%), with u in [a, b], 


H(u)—H(x) = {h(u) —h(x)} —{h(u) —H(u)} + hle) —H (0) 
Sf (w){g(u) —9(x)}—{h(u) —h’(u)} + {h(@) —h (2) 
H(u)—H(2) = {h’(u) —h’(a)}+{H (u) —h’(u)} —(H(o) —W (0) 
<f(x){g(u) —g(a)}+{h(u) —h’(u)} (ho) —h’(w)} 
H(u) —H (x) —f(x){g(u) —9()}| < (hu) —h’(u)} (Ma) —h'(a)} 


A similar result holds for 0 <#—t < 81(x%), with ¢ in [a, b 
so that 
V(H —fHg;[a, b]) < Mb) —h'(b) <e 


As e > 0is arbitrary we see that H is variationally equivalent 
to f, g in [a, b]. 

Conversely, if H is variationally equivalent to f, g in [a, b], 
with H(a) = 0, and using finitely additive x, then writing 
xlu, v) as x(v)—x(u), with x(a) = 0, we see that from the 
definitions of Section 24 (p. 39), H+x is a Ward major 
and H—x a Ward minor function of f, g in [a, b]. Further, 


{H(b) + x(0) —(H (0) —x(6)} = 2x(0) 
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and can be as small as we please, so that H is the Ward integral 
of f, g. 

If in (50.2; 50.3) we replace h(u) —h(w), h(x)—h(t) respec- 
tively by h(x, u) and h(t, x), where h is finitely superadditive, 
then the corresponding Ward integral is also equivalent to 
the Riemann-complete integral. In this case we can take h 
continuous when g is, by using Theorem 24.2 (p. 41). Further 
we can suppose that (50.1) is true except possibly in a set of 
x-variation zero, with Dh never — œ, by use of Theorem 
31.3 (p. 62). 

It is not possible in a small book like this to assess properly 
the great contributions of W. H. Young to the theory of 
integration, as so much has been absorbed into the Lebesgue 
integration, but the main idea seems to be the use of multiple 
sequences monotone in each variable separately, covering 
the Stieltjes form as well as the ordinary form. 

Also, no reference is made to the theory of measure, apart 
from the variation, and Theorem 49.1 (p. 121), as a separate 
book on the theory is being prepared for this series. 


tz = 
R af z is in Z then z40 = 51.1) 
bY for Some zin z 24222 8 als 0.2=0. i 


vy ily 
LINEAR TOPOLOGICAL SPACES, YOUNG’S 
INEQUALITY AND INTEGRATION 


In this chapter we use the preceding theory to construct 
examples of linear topological spaces, and then we show how 
_integration processes can be defined in such spaces. 


531. Linear spaces 


Ajset Z of elements z is a linear space in the sense of Banach 
(1932, p. 26), if there ar ations o 

multiplication, where the scalars are real or complex numbers 
a, and where the operations satisfy the axioms 


Ll1 21+22 = 22+21; 

L2 21+(22+28) = (21422) +23; 

L3 214% = 21+2%3 implies 22 = z3; 

L4  a(21+%2) = az1+a22; 

L5  (a1+a2)2 = a12 +09; 

L6  ax(asz) = (a1a2)z; 

L7? ksa 
We put X 
—z =(—1), 21-22 = 21 +(—1)%9, z/a = aiz (a +0) 


THEOREM 51.1. There is a unique (zero) element @ of Z 
such that 


Za= 6: 
if a ts a scalar then ab 51.2) 


aiz = agz implies ay = agor z = 0 (51.3) 


For (51.1) let zı be in Z and put 0 = 0.z1. Then by L2, L5, 


(2+0)+1.21 = 2+(0+1.21) = 2+(0.21+ 1.21) 
=2+(0+ 1D)21 = z+1.21 
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L3 shows that z2 = 0. For (51.2), we use L6, obtaining 
ag = a(0.z1) = (a.0)z1 = 0.21 = 0 


For (51.3) we use L5, L6, L7, obtaining from the uniqueness 
of 9, 


(41 —a2)z = a12 + (—a2)2 = ayz+(—1)(a2z) 
=1(012) +(—1)(a12) = {1+(—1)aiz) = 0.012 = 0 


If a, + az then by L6, L7, (51.2), 
z = l.z = ((a1 —a2)2)/(41 —as) = 0/(a1—as) = 8 


giving (51.3). 

Ex. 51.1. Show that the space of real vectors with a fixed 
finite number of components is a linear space. Similarly for 
complex vectors. 

Ex. 51.2. Show that the set of real sequences, and the set of 
complex sequences, form linear spaces. 

Ex. 51.3. Show that the set of all point functions variation- 
ally integrable with respect to a fixed pair of interval functions 
in a fixed interval, form a linear space. 

Ex. 51.4. Show that pairs of interval functions that are 
variationally integrable in a fixed interval form a linear space. 


52. Linear topological spaces 
If Z is a linear space, and if Vi, V2 are sets of elements of Z 
and a is a scalar, then we denote by 

2+V1, VitVe, aVi 


the respective sets of points z+-21, 21-+2e, 421, for all 21 in Vz 
and all z2 in V2. Then Z is a linear topological space in the 
sense of von Neumann (1935, p. 4), if it contains a family W of 
subsets such that 


Tl @isin each V of Y; 


T2 ifzisin every V of N then z = 6; 


T3 if V3, V4 are in Y, there is a V5 of M such that 
VsS Va N Va; 


T4 if V isin Y there is a Vg of Y such that Ve+ Ve CV; 


T5 if V isin there is a Vy of WY such that aV; < V for 
all fal < 1; 
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T6 ifzisinZ, and V in Y, there is a constant a such that 
zis in aF. 

T7 The space Z is complete. 

The last axiom requires the following definitions. A 
sequence {z;} of elements of Z is fundamental if, given V in Y, 
there is an integer J such that for all j > J, k > J, 2;—25 
lies in V. The sequence is convergent to an element z of Z if, 
given V in W, there is an integer J such that for all j > J, 


z;—z lies in V. The space Z is complete if every fundamental 
sequence is convergent to an element 2 of Z. 


THEOREM 52.1. 
2V <V+V (52.1) 
Given V in M, there is a sequence {Vj} of sets of N, independent 
of the scalar a, and satisfying 
Vso = V, Vej+Vej S Vs,j-1, Vsj—Vs; S Ve ¡15 
aVsj € Vs,j-1 (jal < 2, j = l, 2, ...) (52.2) 


k 
Y Vsn+Vsk S Vs,j-1 (k > j) (52.3) 


n=j 
For (52.1) we use L5, L7; for 
22 = (1+1)z¢ = le+le = 2+2 


Replacing the V of T5 by the Vs of T4, then for all |a| < 1 
there is a Va of Y such that 
aV S Ve, 2aVo S 2V6 S VetVe E V, 
— Və =(—1)Və S Ve, Vo—Vo S Ve+ Ye S V 

For V = Vg,;-1 then the V9 is Vg; 
From (52.2) we obtain (52.3) 

A point z is a limit-point of the set W of points of Z if, given 
V in Y, there is a z’ Æ z such that 2" isin both W and z+ V. 
The closure W of W is the set of all points and limit-points 
of W. ` 

THEOREM 52.2. If V is in Y, then 

Var SV, -Vs SV 


For let z be a limit-point of Vg1. There is then a 2” 4 2 and 
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contained in Vg1 and in z+ Vj. By (52.2), 


/ 


z'’—z EVs, 2=2'—(2—2) €Vei—Vai < V, 
—z =(2—2)—2 €Vei—Ve1 S V 
Ex. 52.1. A linear space Z with zero element 0 is said to 


be normed if to each element z of Z there corresponds a real 
number ||z||, called the norm of z, such that 


N1 ||2|| = 0 if and only if z = 6; 
N2 |laz|| = la] . ||z|| for each scalar a; 
N3 ||z1-+2a|| < ||z1]|+||zel| 


First prove that ||z|| > 0 by considering all three axioms and 
using —z; and then show that z is a linear topological space, 
if Wis the family of sets of Z that are defined by ||z|| < e for 
some e > 0, and if the resulting space is complete. 

53. Young's inequality 


We now use the preceding theory to obtain examples of linear 
topological spaces. First, we need a Stieltjes transformation 
theorem. 


THEOREM 53.1. Let q, y be monotone increasing inverse 
functions as in Theorem 23.1 (p. 35). If q is continuous and 
the first integral exists, then 


) "b 
mM), td = (V) ] f(y) dy (b >a > 0) (53.1) 
(a) a 
In particular, 


~p) aD 
v | dp f dy) dy (53.2) 
(a) a 


(p. 35) we take 
hi(u, v) = fer) —p(u)), hru, v) = f(w){o(v) —e(u)} 
Then by Theorem 23.2 (p. 37) 


ha = HU) Y), dry, 2) = by +) y) 
and h, h* satisfy the conditions of Theorem 23.1. 


The points a where >, A CEG ay de. 9- g) 
SAO a 061) 18 
Tove l felt sy ms LEN a¢@). etary Valley o) 


In Theorem 23.1 


E 


ode t a, = Jugo see 


a E hi ccs 


LINEAR TOPOLOGICAL SPACES 131 


orm an at most countable ia ma x a set of -variation 


cz y 


o, so that Theorem 31. de ot ld > a ia (31.16), a 


completes the proof. 


THEOREM 53.2. (W. H. Young). Let 9, Y be monotone Y 
increasing inverse functions as in Theorem 23.1 (p. 35). If ™ 


= is continuous and a >0,b >0, we have A 
5 ES 
a b > 
(Vv) | o(x) dx-+(V) f Y(x) dx > ab (53.3) 3 
0 È 
0 o } 
We write the respective integrals as D(a), V(b). If equality in Xx = 
53.3) then Š. 
=6 (53.4) 13 
In particular we have g 
1 oA 
“42 > ab (a> 0,b> op > 1,- =1) (53.5) > 
P q Pp , K- 
with equality when a» = b4; 9 
a log a-+eb-1 > ab (a > 0, b > 0) (53. 6) qe La 
with equality when a > el and b = loga+1 da 
€ 


From Theorem 53.1 (53.1) we can write the left-hand side of _* 
(53.3) as 33 


a p(b) 7 
(1) f ole) de+(V) i 2 do(z) (53.7) 


Suppose first that y(b) > a. Then (53.7) is 


~a a 10) 
> P) f ato) ds +() f carw f adela), 


z and e satisfy Theorem 33.1 (33.2), p. 69, so that by the do SS 
ation by parts and Theorem 23.2 (288%, p. 37, (53.7) is 


abe 
> ap(a) —0¢(0) +ab—g(a)) = ab á 
a 
lia > (b) then (53.7) is 
ry(b) y(b) oa " 
> nf da yy e do(x)-+(V) Fir J(b)) de , 


j 
rindas \ Po Letra ES 
gal) a Soh ee tLe ger E 
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Again by Theorems 33.1; 23.2, (53.7) is 
> (6) e((6)) —09(0) +b{a—(b)} = ab 


Thus (53.3) is true. If equality occurs in (53.3) then for 
y(b) >a we have 


(b) 
(1) |" @—a) dela) = 0 


and q is constant in a to y(b). Hence by Theorem 23.2, 
(53.4) follows. If equality in (53.3) and %(b) <a, then 


\ 


(7) f? {o(2)—D} de = 0 
ub) 


and o(x) =b in a to ẹ(b), giving (53.4) again. Finally, if 
#(b) = a then Theorem 23.2 gives (53.4). 

To prove (53.5) we can assume a >0,b > 0, 9(x) = ap. 
As p—1 >0 we have e(0) = 0, and q is continuous and 
monotone increasing, and gives 


$y) = y. (0-0, O(a) = rp, Fly) = y2/g, 
where 
q =1+1/(p—1) = p/(p—1), 1/p+1/4 = 1 
For (53.6) we take 


p(x) = 0(0 < x < er), log 4+-1(x >e1) 
4(0) =0,p(0+) = ent, (y) = 1y > 0) 
D(a) = 0(0 < x < 0-1), xlogw+e1(a > e7!) 
Yy) = ev-1—e-1 


Thus for a > e-1,b > 0, (53.3) gives (53.6), and equality 
and (53.4) gives b = loga+1. If 0 <a <et, b >0, (53.3) 
gives 

ab < 0+eb-1—eo-1 


As aloga has a minimum at a = e~! we have (53.6) again, 
with strict inequality; and also the case b = 0 follows. 


THEOREM 53.3. Let f>0,g >0 be point functions, 
a >0, B > Ode constants, hs > O(s = 1, r) be interval functions, 
and 9, 4, D, Y be as in Theorem 53.2. If fg, D(af), (fg) are 
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si E ihen 


zdh < (V) k D(af) dh +(V) | Y(Bg) dh (53.8) 
E 


if there are values a, B such that the right-hand side of (53.8) 48 
vV) | fgdh < «-1g-1 (53.9) 
E 


in particular, if p >1,p1+q1=1, we have Hölder’s 


¥ f. igh < [v Í. san] [o ¡A gan] (53.10) 


“e 


urs in (53.8; 53.10) then, apart from a set of x 
zero we have, respectively, o(af) = Bg, and 


aV) Í „Pdh = ailx)/CV) gidh (53.11) 
E 


Ts obtain (53.8) we integrate (53.3) with respect to h in E, 
== s = zf and b = fg. Then (53.9) is easy, and (53.5; 53.9) 


z= |m f pan)”, B= [0 Ji ean] 


=== 3.10). The cases of equality follow from Ex. 31.1 (p. 64), 
mmi Theorem 53.2 (53.4). 


Tezen=m 53.4. In Theorem 53.8 (53.10) we, need not 
Printed fg ts variationally integrable with respect to h in E, 
Es com niinuous, T and A integrable 


Ía = min(f, n), Jn = min(g, n) 


25.4 (p. 46), fn? and gnl are variationally 


=e. ŘĖŘĖŐ—— M 


_ Been = forse Pie ns Li 
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i i require. 


integrable in E, then we have Minkowski’s inequality 


q [v | (eter an] "a [v Í > man] + 


} + [v i : ea] 


From Theorem.53.2 (53.5) we have 
aB(arbr ee +42?) + g”180(b124bg2) 
21614023 < (a4? 4099) 1P(b12-4-b20)1/0 


(a > O, b; > 0,9 = 1, 2) 


i { a+b < 21/4(ap+bp)lip 


aybi+agbe (ar +9P)1/P(b,2+ b92)1/2 
(a; > 0, & > 0, j = 1,2) 


(a+b)? = a(a+b) 
a+b < 21/9( 


+ ea TB mt os e 


\ 
f 
t 


A — 


A 


integrable with respect to h in E, and so are h-measurable, 
by Theorem 39.2 (p. 94). Then fagn is h-measurable, and is 
bounded by 72, so that it is variationally integrable with 
respect to h in E. Letting n —> œ and using Theorems 
E 36.1 (p. 82) and 53.3 (53.10) for fn, gn, we obtain what we 
i Con 3 se Th a3 a 4 . 
ad *TEEOREM 53.5. Wet p > 1, and let f > 0, g > 0 be point 
E functions, and hs > O(s = l, r) be interval functions, such that 
ged fo and Dare variationally integrable with respect to h in E. 

] If either £(£+-g)91 and g(f+g)P-1 are variationally integrable 
i in E with respect to h, or h is continuous and variationally 


(a+b)? = a(a+b)P-1 + b(a+b)p-1 < (av +b9)]UD20(a-+b)014 


+ b(a + b)p-1 < (a? + b9)1/921/0(44 b)P/a 


Thus an argument similar-to that in Theorem 53.4 will show 
that when h is continuous, non-negative, and variationally 
integrable in E, the variational integrability of f(f--g)?-1 and 
9(f-+9)?-1 with respect to h in E, follows from the integrability 
of f?, g?. Further, under either group of alternative hi 


alar or = alar A tlath <a) E 


ij (x2.0)&30), | lcs CH, + MA azo bo) ` 


N 


SUS 
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by Holder's inequality, i 
P) Í. ($+9)? dh = (P) f ¿I+D ah 

(P) |_atr+oran < nf P an)” x b 
f, rara], 


[m dE eran] "(cry i; „ P+oman] sl 


Hence dividing by the extra factor we obtain Minkowski’s 


zsquality. Note that the condition for equality i i 
(ait) end quality is obtained 


?(«)|(V) J _f?ah = NV) f gran 
E 


Szospt possibly in a set of x of h-variation zero, so that f i 
multiple of g almost everywhere. ; DA 


54. Mean convergence 
A more sophisticated kind of convergence of sequences of 


‘ons is dealt with in the following theorem. 


THEOREM 54.1. Let hs> 0(s = 1, r) be interval functi 
2 ¡2 = l, VONS, 
ond lez p >0. If {£(j; x)} 18 A sequence of point functions such 
thai, given e > 0, there is an nteger k(e) with the property that 


(V) fleas Xx) —£(k; x)[Pdh (54.1) 


ezisis for j > k(e),k > k(e), and is less than €, then there are 
pe function f and a subsequence {jn} of the integers such 


lim f(jn; .) = f (54.2) 
n> 
except in a set X with 
V(h;E;X)=0 (54.3) 
K 
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and for each integer j > k(e) 
V) f fG; era (54.4) 
E 


exists and is not greater than e. Further, if g also satisfies the 
condition for f in (54.4) then f = g except in a set satisfying 
(54.3). 

If {f(j;.)} is a sequence of point functions satisfying the 
hypotheses of tho theorem we say that the sequence con- 
verges in mean with index p, relative to h and E. If {f(j; )) 
satisfies the conclusion of the theorem we say that the sequence 
converges in mean to f, with index p, relative to h and E. 

To each integer n corresponds an integer jn such that 


(v) | IG; J-A; Pdh <22 (j > jms k > jn) 


Clearly we can suppose that jn <Jjn41 for n = 1,2, .... Then 
by Theorem 30.1 (30.3), p. 57, if Xin is the set where 


\Flgns )—Flón+13 )| > 277 
then 
V(h; E; Xin) < 299 
It follows from Theorem 28.1 (p. 49) that if Xgy is the union 
of Xin, X13N +15 -9 
V(h; E; Xay) < 2-P/(1—2-?) (54.5) 


If x is not in the set Xay then 


È lfGing -fns )| <E 27 = 2-N+1 


n=N n=N 


so that 


f = lim f(jn; +) 


n> 


exists. Thus 


ao 
X c (N Xzv, V(h; E; X) < V(h; E; Xay) 
N=1 


and (54.5) gives (54.3). The integrand is non-negative, so 


Sin oat 


LANAS N caw nr oe D, 


54 
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un 


that by Fatou’s lemma (Theorem 37.1 (37.3), p. 85) we have 


P) | Gs)—fieah = (V) f 185 )— im fins plah 


< lim inf (V) | If; -)—flins JP dh < € (j > kle) 


54.4). When for f we can substitute g, then by 
.1 (37.3), p. 85, 


F) | _If—gldh < liminf(V) f Ifa; )—glPdh < « 
B n>00 E 


w 
g 


or each e >0, so that 
(7) f K=airdh = 0 
E 


By Ex. 31.1 (p. 64), f = g except in a set satisfying (54.3). 


THEOREM 54.2. Let hs > O(s = 1, r) be interval functions, 
and let p >1,p2+q72 = If g > 0 is a point function, 
{£(j: x)} a sequence of point functions, such that £(j; .)g, ga, 
f(j; .)—f(k; .)|P (j, k = 1, 2,...) are all variationally 
able with respect to h in an elementary set E, with (54.1) 
an a given e >0, for j > k(e), k > k(e), and if f is the 
ton of Theorem 54.1, then 


lim (V) | £G; Jgdh = (V) | fgdh 
E E 


n>% 


By Theorems 19.1 (p. 27); 25.2 (p. 45); and 53.3 (53.10)p | ~ 


we have the existence of the first integral in (54.6) and the 
result 


F) A 15 )—F(; -gdh < 


1/ 


[P $ tds 3105 sean} [ery [gran] (540) 
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Let us put 
t(j, k; -) = max{f(j; -) f(b; -); 0 
=f; Fes A+; -) Fs Y 


Then po is variationally integrable with respect to h in E, 
and from (54.6), 


(Y) Í, tgdh < 


[n f g: )—fles ean) [0 ll oan) (54.7) 


E 
Also t(j; jn; -) tends as n > 00, to 


max{f(j; -)—f; 0} 


which by (54.7) and Theorem 37.1 (37.3), P- 85, is, when 
multiplied by g, variationally integrable with respect to h 
in E. A similar result holds for 


min{f(j;. )—f; 0} 
so that {f(j;.)—f}g, and so fg, aro variationally integrable 


` with respect to h in E. Hence as in (54.6), 


(n f sa: wano f an = n $, 06 )—figah| 
<(¥) f 1105 )—figah 


< [0 $ 11639412 an] [0 f, 0 an)" 


and Theorem 54.1 completes the result. : 
Ex. 54.1. In Theorem 54.1 we can replace |....? by D(...) if 


for some e >0,3 >0,p >0, we have 
O(x) > eímin(z, 5)? (a >0) 


Ex. 54.2. Under the hypotheses of Theorem 54.1, if X3yx% 
is the set of æ where 


[fi £) = f(k; £) > e 
prove that V(h; E; Xajx) tends to 0 as j, k tend to infinity. 
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h a sequence {f(j; x)} is usually said to be fundamental in 
ure. when h is the length of the interval in question. 


Fs -)— f(k; IP dh 


=P (Y | :E) > z(o f ; Bi Xom) > eV (hs E; Xap) 


5. The complete normed linear space Lrti(p >1) 


us fix the interval functions hs > O(s = l,r) and the 
ary set E, in this section. We then denote by L? the 


all functions f such that f and |f |? are variationally -— 
with respect to h in Æ. By Theorem 58.5 E LE 


inequality), L? is linear. We define ES 


4 mp 


ae 


fll = [m) de ran] 


2 and N3 of Ex. safer fata If || f || = 0 then 
1.1 (p. 64) we have f = 0 except in a set satisfying 
that for a zero in the space L? we have to use the 
f that are zero except in a set satisfying (54.3), 
ll functions, Thus we are led to change the definition 
king the elements of L? to be families (f ), where (f ) 
nily of all functions g such that g = f except in a set 
z (54.3), i.e. g—f is a null function, By Theorem „TN 
still linear, and by Theorem 31.3/(31.17) implying? -62, 
have |lg|| = || f I| if g—f is a null function. Thus ~ 
z e I(AU_= llgll, for arbitrary g in (f ), the norm my, 
pics 1, N2, N3 of Ex. 52.1% Finally, by Theorem 54.1fp 13%, 
— L? is complete, so that L? can be written as a linear 
space. 
generally, we can use the ®, Y of Theorem 53.2, (in! SED) 


— z = fip. Then in Ex. 52-1/N1 can be mado true by a 
device similar to the above, when 


FI = (Y) I, G(|f|) dh (55.1) 


i £ 
pleteness is ensured by Ex. 54.1 when ® satisfies the (188) 


on given there. But N2, N3, involving the linearity 
space, require more care. The definition (55.1) has to 


24 
s 


PETE 
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be replaced by à 
17 = sup (7) || [foldh (55.2) 
E 


for all g such that 


(V) f: ¥(gl)dh < 1 


Then Lø is the (Orlicz) space of all f such that (55.2) is finite. 
It can be proved that when || f ||* is finite so is || f ||; that 
when ||f || is finite so is ||af||*, for some constant « > 0; 
that Le satisfies N1, N2, N3; and that Lg is complete. See, 
for example, Zaanen (1953, pp. 78-83). 


*56. The Riemann-complete integral for functions with 
values in a linear topological space 


We now return to the general case, where we are concerned 
with the following kind of convergence. To each A complete 
in E let there correspond a set S(A) of points of the linear 
topological space Z, satisfying 


S(A) S S(Ay) if A =A.Az (56.1) 


Then S(.) is a fundamental set relative to sets complete in E 
if, given V in Y, there is an Az complete in E such that p 


S(A2)—S(A2) S€ V (56.2) 


A point z of Z is the limit of S(.), relative to sets complete in E, 
if, given a set V of Y”, there is a set Agcomplete in FE such that 


136 (et 2 om Th 52.1622) lag) SA Sety (58:3) 
ES e use of T2, T4fensures that S(.) cannot have more than _ 
| one limit. To show that a set S(.) satisfying (56.3) is funda py) 
mental we need only observe that by Theorem 52.1 (52.2)/1 


zj—z lies in Vgx for j = 1, 2, then 
zi—ze = (21—2) —(22-2) S Vei—Vai S V 


Thus replacing V by Vs1 in (56.3) we obtain (56.2). 

The space Z can be called complete relative to A, if every 
fundamental set relative to A has a limit relative to A. 
We need to strengthen T7 to become the following. 

T8 Z is complete relative to A. 


ET 
p35 
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F seis of N with the property that for each V in WN there is 
er j such that Vij is in V, then TT implies T8. 
is the set of values 2; for some k and all ¿ > k, where 
es with A, and where (25) is fundamental, then S(.) is a 
ental set, so that by T8 it has a limit, say 2. Then 
verges to z and T7 is true. Conversely, if T7 is true, 
there is a fixed sequence {Vij} with the given property, 
have to show that T8 is true. By T4 there is a V2; such 
hat Vaj Vo¡< Viz, and then by hypothesis there is a 


& >j such that 
Vir S Voy, Vint+ Vir S Vij 


By taking a subsequence if necessary, we can therefore assume 
that f 
Viy+ Vi; S Vii = LQ, +) (56.4) 


Let Aaj be the As; for (56.2) when V is. V1;, and lot z; be a 
point of S(A4;), so that by (56.1), zx is also in S(A4j) for each 


E >j. Then 
2¿—2x ES(As) —S(Adj) S Vy (k >) 


so that {z;} is fundamental, and so convergent by T7 to some 
=z of Z. Hence there is a k > j such that by (56.1), 


ze—z € Vij S(Aaj)—2 = S( Aaj) —2x +24 —2 
CS S(Aaj)—S(Aaj)+ Vig S Vut Vi S Viga 


Hence S(.) has the limit z, relative to complete sets in Æ, so 
that T7 gives T8. 
Let h be a pair of functions of intervals [u, v), with values 
in Z, and let A be. complete in E. We consider sets S(h; A; Æ) 
of sums 

(9) E hs(u, v) 
over divisions Z(u, v} of E formed from A. If there exists 
mit z of S(h; . ; Æ), relative to sets complete in E, we call 
the Riemann-complete integral RO(h; E) of h in E. 
Straightforward translation of .the previous theory from 
functions with real or complex values to functions with values 
in =, can be_achieved for Theorems 19.1 (p. 27); 21.1 1.2% 
D. 32); 23.14 23.3 (p. 37); 46.1 (p. 113); 48.1 (p. 118), by 
replacing cireular neighbourhoods by z+V, for V in Y, and 
using Theorem 52.1 (52.2; 52.3)j where necessary. 
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Phillips (1940), Price (1940) and Rickart (1942), have 
considered Lebesgue-type integration for functions with 
values in general spaces, using divisions containing an infinity 
of elements, and an integral of Getchell type, and as usual 
in theory dealing with Lebesgue-type integrals they pre- 
suppose that a measure is already given for general sets. 
Their divisions contain an infinity of elements to ensure that 
their final integral is completely additive, on the mistaken 
idea that complete additivity of the measure is necessary in 
order that the principal theorems of Lebesgue theory should 
hold. But the foregoing pages show that complete additivity 
is an unnecessary hypothesis, and that finite additivity is 
enough. Further, divisions with an infinity of elements can 
lead to unsatisfactory results as is shown in Ex. 56.1. 

We now consider an operator T defined for all z in Z, with 
values in a linear topological space Y. T is distributive if for 
each z, 2* in Z, and each scalar a, b, 


T(az4+b2*) = aT24+bT2* 


The operator is continuous if, given zin Z and Vy in NY, 
the NW for Y, there is a Vz in M such that if 2’ is in 24 V3 
then Tz’ is in Tz+ Vy. The operator is closed if y = Tz when- 
ever a set S(.) has a limit z in Z and the set TS(.) of values 
Tz, for z in S(.), has a limit y in Y. Thus a continuous 
operator is closed, but a closed operator need not be continuous. 


THEOREM 56.2. If the operator T is distributive and continu- 
ous, and if h is Riemann-complete integrable in E, then 
Th = {Th, Thy} is Riemann-complete integrable in E satis- 
fying 

TRC(h; E) = RC(Th; E) (56.5) 
If T is distributive and closed, and if both sides of (56.5) exist, 
then they are equal. 
In both cases T is distributive, so that if 21 is a division of E, 


T'z( 21) = y( 21) 
where 
2( 21) = (D1) È hs, y( D1) = (21) X Ths (56.6) 


In the first case T is also continuous. Thus if z = RC(h; E), 
we can take 2(D1) for z’, where 2ı comes from a suitable As 
complete in E, so that 2’ lies in z+Vs3. From (56.6) the 
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“un 


corresponding y( 21) lies in Tz+Vy, and Th is Riemann- 
complete integrable to Tz, giving (56.5). 

In the second case, S(h;.; E) has the limit z = RC(h; E), 
and S(Th;.; E) has the limit y = RC(Th; E), both relative 
to complete sets in E. By (56.6) the second S-set is the appli- 
cation of T to the first S-set, so that as T is closed we again 
have (56.5). 

Ex. 56.1. Let 


00 <u <v <1) 
h(u, v) -Í 


1(0 <u <v = |l) 


which is finitely additive and independent of 1, r. Then show 
that 
RC(h; 0, 1) = 1 = h(0, 1) 


but if, for example, we use the division Wa of elements 
[1—2-3,1—2-3-1) for j = 0, l, 2,..., the sum is zero, and 
similarly for all divisions of [0,1] that do not include an 
interval [1—e, 1) for some e >0. Thus the Rickart integral 
of his 0. 

More generally, it can be proved that the Rickart integral 
of a finitely additive function gives the completely additive 
part of the function, if it exists, so that we have lost what 
may be an important part of the function. 


*57. Functions of bounded variation 


Let A be complete in E. Then by P(h; A; E), the variation 
set of h in E, using A, we denote the set of all sums 


(2) È hs(u, v) 


obtained from finite collections 2 of disjoint intervals 
[u, v) in E from A, where as usual, s = l if [u, v) is from £, 
and otherwise s =r. By P'(h; E) we denote the corres- 
ponding set of sums when both .2 and # contain all intervals. 
Clearly 

P(h; A; E) S P’(h; E) (57.1) 


If hs = H(s = l, r), where H is finitely additive, then we have 
equality in (57.1). For we can obtain from A a division of 
each interval contained in E, so that to each finite family of 
disjoint intervals of E there corresponds a finite family of 
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disjoint intervals from A. By the finite additivity of H the 
corresponding sums are the same. 

When the values of H lie in a normed linear space with 
norm ||.||, its variation is usually defined to be 


sup||a||, 2 € P'(H; E) 


and if this is finite, H is said to be of bounded variation. A 
corresponding definition in the linear topological space Z is 
obtained as follows. A set P is bounded, if, given Vin Y, 
there is an integer j, depending on P and V, such that 
P <jV. Further, H is of bounded variation if P'(H; E) is 
bounded. See, for example, Weston (1957). It is clear that 
we can replace P’(H; E) by the equal set P(H; A; E), and 
this opens the way to a generalization useful to us. 

We say that a pair h of interval functions is of bounded 
variation in an elementary set E if, given Vin WN, there are Az 
complete in E, and an integer j > 0, such that 


P(h; A1; E) S jV (57.2) 


Also h is of variation zero in E if in (57.2) we can always take 
j= 1. Two pairs h, h* are variationally equivalent in E if 
{hi—hi*, hy —hy*y is of variation zero in E. Definitions of 
bounded variation, variation zero, and variational equivalence, 
in a set X, relative to E, are obtained on substituting 


{oh(X ht, ch(X)hr} 
for h. For simplicity we write 
P(h; A; B; X) = P({ch(X)hi, ch(X)hy}; A; E) 


In Henstock (1960a), p. 47, there is defined a variational integ- 
ral for functions with values in a normed linear space, and this 
would correspond to taking a sum of norms for P, instead of 
a sum of the hs, and then taking the norm. Thus our present 
definitions are more general than Henstock (1960a), p. 47, 
and include it as a special case. On the other hand, our present 
definition is a special case of the very general definition of 
Henstock (1960a), p. 48. Here our base space is the real 
axis, and our space of values is linear; the sets S are intervals 
open on the right, the family JF is that of all such intervals 
in an elementary set E, and the family f is 2 U &, for A 
complete in Z. The space Y of neighbourhoods N of a point 
of # becomes the family W of neighbourhoods V of the point 
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9 of Z. The mapping M (x, y) of Y into 4 becomes the map- 
ping of Z into itself that sends z into 24-y—w. Further, in 
Henstock (1960a), x(S) is a function of sets S whose values 
are sets of 4. It was intended that 


x(S) S x(S) FS SS’ (57.3) 


Let S, S’ be disjoint, with union another member of 4. Then 
we are given in Henstock (1960a) that x(S), x(S’) are disjoint, 
so that by (57.3), 


x(S) U x(S) S x(S U S’) (57.4) 


corresponding to finite superadditivity in Henstock (1961b). 
For our sets S, (57.4) is 


x(u, v) U xw, w) S x(usw)lu <v <w) (57.5) 


The many-valued function G(S) is the two-valued h, while 
H(S) is the single-valued function H(u, v) of intervals; and 
h, H are y-variationally equivalent in E if, given V in Y, there 
are Ag, complete in E, and a x satisfying (57.5), such that 


xDe VI s E) (57.6) 
and that if [u, v) is in La, there is an x in x(u, v) such that 
H(u, v)—hi(u, v) E x(u, v)—% (57.7) 


and similarly for hy and [u, v) in Lo. Thus the x(u, v)—x 
are the neighbourhoods of the origin, while the x(u, v) them- 
selves are displaced neighbourhoods fitting together to form 
set in V. 
For example, if Z is the space of reals and if A is a strictly 
increasing point function, we could have 


x(u, v) =[A(u), Av), & = HAU) HAW) 
x(u, 0) —e = [HAU —A(v)}, HAW) —A(u))) 
now adapt this definition to the requirements of the 


space Z, replacing x(u, v) —w by x1(u, v) and changing 
57.5) to 


We 


e)x1(o, w) S x(u, w) (all u, v, wina < u<v<w <b) 


(57.8) 
Here we call such a yı finitely superadditive in [a, b]. If also 
0 exilu, v) if [u, v) S [a, b] (57.9) 
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then we easily prove the result corresponding to (57.3), 
namely 


xalu, v) S yilu’, v’) of [u, v) S [u”, v’) S [a,b] (57.10) 


A function satisfying (57.10) is called monotone increasing in 
[a, b]. Replacing (57.7), we say that h is of x1-bounded varia- 
tion in [a, b], if, given V in M, there are Az complete in [a, b], 
a xı satisfying (57.8; 57.9) and an integer j > 0, such that 


hs(u, v) exilu, v)(s = 1, [u, v) e La; ors = r, [u, v) e Bs) 
(57.11) 
xila, b) S jV (57.12) 


If we can always take j = 1 then h is of yı-variation zero in 
[a, b]; and so on. 


THEOREM 57.1. Definitions using P and those using x1 are 
equivalent. 
Let (57.8; 57.9; 57.11; 57.12) be true, and let 21 be a finite 
set of disjoint intervals from As. Then there is another finite 
set 23 of disjoint intervals, disjoint from the intervals of 21, 
such that the intervals of 21, 29 have union [a, b), with 


(21) % hs El 21) È X1 
S (21) D x1+(2)2 xı S xla, b) SIV 


Thus (57.2) is true with Ai, E replaced by As, [a, b], respec- 
tively. 
Conversely, let (57.2) be true, with E = [a, b]. The function 


x1(u, v) = P(h; Ar; [u, v)) 


satisfies (57.12). Taking the empty set for 2, we see that 
(57.9) is true. Further, if u <v <w, a finite collection of 
disjoint intervals in [u, v], with a similar collection in [», w], 
give a similar collection in [u, w]. Hence (57.8) is true. Taking 
a single interval for 2 shows that (57.11) is true with Az 
replaced by Aj. Hence the theorem. 

We can easily define the inner variation by obvious modifi- 
cations. 

In previous chapters we have used the numerical valué of 
the variation of our functions. To take its place here we 
can use P(h; E), the intersection for all A4 complete in E, of 
the closures of the sets P(h; A4; E). Using these definitions 
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+= ssn obtain analogues of many previous theorems, defining 
tional integral in an obvious way and then showing 
is equivalent to the Riemann-complete integral. 


57.2. Let X be the union of sets Xiy(j = 1, 2, ...) 


00 
P(h; E; X) < ÈX P(h; E; Xj) 
j=1 


Ex. 57.3. Let E, Ez be non-overlapping elementary sets, 
snd let Xe be a set of points, and h a pair of interval functions. 
Then prove that 

P(h; Er; X2) +P(b; Es; X2) = P(h; By U Eo; Xe) 


Ex. 57.4. If a, b are scalar constants, h, h* are pairs of 
interval functions, E an elementary set, X an arbitrary set, 
prove that 


Pííah¡ +bhy*, ahy +bhy*); E; X) 
S aP(h; E; X)+bP(h*; E; X) 


— 


7.1. If his of variation na in E, orin X „relative to _ a 
ve that the corresponding P contains the single point 0. — O 


10 
INTEGRATION IN STATISTICS 


58. Introduction 


There are many solutions to the problem of how to apply 
mathematical probability theory to statistical data. This 
chapter gives the solution that the author has found most 
satisfactory, together with a very brief discussion of some 
other solutions, and an arbitrary selection of one or two 
topics that illustrate the previous theory. 

Applied mathematics, or natural philosophy, is the applica- 
tion of pure mathematics to the natural world. The scientist 
carries out experiments or observations, and collects data, 
numerical or otherwise, which he then has to interpret. The 
methematician supplies him with various mathematical 
models, and the scientist uses his judgement in selecting the 
model, and the values of the parameters involved, that will 
fit the particular situation most closely. The last stage in the 
process is to make suitable predictions from the mathematical 
model and to observe whether they are true or false. If the 
latter, the model is discarded or modified. Nothing, or almost 
nothing, of this can be exact; exactness can only occur in 
the realm of pure mathematics. The scientist has to contend 
with experimental error in various forms. For example, in the 
amplification of varying electric currents there is imposed a 
random noise produced by the thermal motion of electrons in 
the amplifier. For some applications a maser operating at 
very low temperatures can cut out such random noise com- 
pletely, or almost completely, but there is still the random 
noise produced between source and amplifier that distorts 
the signal. Experimental error has as many forms as the 
number of kinds of experiments performed, and it occurs 
increasingly as we go from physics to chemistry and biology. 
In many subjects, such as economics, anthropology, linguistics, 
one cannot carry out experiments, one can only collect the 
data as events occur. Here, the possibility of error is greater 
still. The study of such data, and the errors of experiments, 
has produced two more branches of applied mathematics, 
those of statistics and statistical physics. 
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In other branches of applied mathematics it is usually 
vital to smooth or rationalize the results of experiments to 
obtain a suitable pure mathematical model. If it gives 
correct predictions we replace the experimental results by the 
model. This occurs in statistical physics, the pure mathe- 
matical model being the theory of probability. But in statistics 
though the model is (roughly) the same, we cannot discard 
the raw material in favour of it, as this is the source of many 
fallacies. We have to be careful in keeping separate the raw 
material and the pure mathematical model, and we are 
repaid by a resulting greater precision of possible statements 
in the subject. 


59, Classification and relative frequency 


The first operation in statistics is that of classification. If 
the data consist of single real numbers x we can divide up 
their range into a finite number of disjoint sets, for example, 
the sets given by 


—n+l, ..., 


x< —n, —n << 
0<xw<l,.. n—1 <a Smg >n 


to take a vory simplo case. If the data gives a fixed number 
p of real numbers we can represent each value as a point of 
p-dimensional Cartesian space, and we can again divide up 
the space into a finite number of disjoint sets. In practice 
we cannot observe a complete infinite sequence of real 
numbers, but we may have data in which p can be arbitrarily 
large, in which case we use an infinite dimensional Cartesian 
space, which can again be divided up in a suitable way into a 
finite number of disjoint sets, by dividing the space only 
with respect to a finite number of coordinates and leaving the 
remainder undivided. We can observe continuous functions, 
an early example being the traces produced by a barograph. 
We take a finite number of values of the independent variable 
and classify the values of the functions at those points. Some 
variables cannot be measured, or can only be measured at 
great inconvenience, for example, the grading by eye of colours 
or shades; here, classification becomes difficult. 

Let us suppose that the classification has been carried out, 
and that we are given a finite number, say, S1, Sa, ..., Sn of 
disjoint sets, and a finite number of data values. We count 
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the number N; of times that the data values fall into the 
set Sy, for j =1,2,..., n. The total number of values is 


n 
N=YN, 

J=1 
The relative frequency of values in the set S; is defined to be 
fi" = Nj/N, satisfying 


0<fN<1 (59.1) 
n 
YN =1 (59.2) 
jal 


If j #k, the relative frequency of values in S; U Sk is 
FIN +f1N, so that the relative frequency is finitely additive. 
If we have made a proper classification, and if we increase 
the amount of data, it usually happens that the fy tend to 
fixed values. If they do not, we may have neglected an 
important source of variation. For example, we might think 
that a particular process is independent of time, but when 
data are collected, the data values may tend to rise with time. 


60. Probability 

In the pure mathematical model we attach a number py, 
called the probability of Sy, to the set Si(j = 1, 2, ..., n). If it 
is to represent an ideal form of the relative frequency it 
ought to obey conditions similar to (59.1; 59.2), namely, 


0<p <1 (60.1) 
n 
Mp =1 (60.2) 
$j=1 


while the probability to be attached to a finite union of the 
S; is to be the sum of the corresponding probabilities of the 
separate S;, so that the probability is to be finitely additive. 
The problem now arises of linking the probability and the 
relative frequency. An obvious way is to write 
p; = lim fyn (60.3) 
N>% 

but this cannot be given a rigid interpretation. First, as 
has already been pointed out, in practico we cannot observe 
all terms of an infinite sequence without taking an infinite 
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Qo 
[+] 
B 
; 
ho 
a 
je] 
Y 
y 
n 


ndly, even if we could, and if the limit 
for one set of data, there is nothing ensureg that the 
will exist for another set of the same kind of data, and 
that the two limits are the same, except for the trivial cases 
when f} = 0 for all N, or f;¥ = 1 for all N, and similar cases. 

For example, we might classify bank notes according to the 
last digit of the number printed on them, so thatj = 0, Lo. ése, 9s 
Then when notes are collected from the bank, on the one hand, 
the bank clerk might issue new notes alone, so that, apart 
from printing errors, the integers j occur in rotation; or, on 
the other hand, an eccentric bank clerk might pick out those 
notes having a number with last digit always, say, 4, and issue 
these, so that N; = 0(j +Æ 4). 

To make this kind of definition amenable to pure mathe- 
matics, von Mises defined a Kollektiv as an infinite sequence 
{a3} of O'sjand 1’s with the properties that the relative fre- 
quency of (0’s in the first N members of the sequence tends to 
a limit as N tends to infinity, and that the same is true, with 
the same limit, for an arbitrary sub uence of. the {xj}. 
By taking the subsequence to consist of“ ’s alone, or of“0's 
alone, it is clear that the only Kollektivs are those sequences 
for which either v; = 0 for all j greater than some fixed J, 
or x; = l for allj >J. It was not the intention of von Mises 
to restrict his Kollektivs so drastically. 

There is therefore some restriction to be applied to the 
data of the example, in that the bank notes should be 
thoroughly mixed or randomized. Again, the subsequence of 
a Kollektiv was supposed to be chosen without knowing the 
values xj. But the accurate definition of such ideas would 
involve probability in a circular fashion, so that although 
definition (60.3) is the easiest one to take, it cannot withstand 
accurate examination, 

Let us now examine the Kollektivs in the light of the inte- 
gration theory. We can write the (x;) as a decimal in the scale 
of 2, and between 0 and 1, namely, 


c= 0.2122 see UF vee (60.4) 


Each number in [0, 1] corresponds to a sequence {a}, and 
different sequences {xj}, (aj) can give the same x only when 
there is an integer J such that 


ty = 0, a; =1(5 >J) 
ey = 1, æ’ = 0 (j >J) 
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or the similar result with {aj}, {x;’} interchanged. Such points 
x are multiples of powers of 4, and the set of those x with a 
double representation is therefore countable and can be 
neglected. 

Let us take constants m1, m2 such that 


0<m <1 (j = 1,2), mitm = 1 (60.5) 


Then there is a continuous non-negative and finitely additive 
interval function p satisfying the recurrence relations 


p(0,1)= 1, 
p(2m.2-3, (2m+1)2-j) = mip(m.2-3+1, (m-+1)2-74), 
p((2m+1)2-4, (2m+2)2-4) 


= mop(m.2-F+1, (m+1)271+1) (60.6) 


ox +22+ ... +uy = M, the corresponding numbers lying in 
a set Xmy, then M of the first N of the a; are 1 and the rest 


are 0. The set Xmv is a finite union of intervals. Thus we 
obtain ž è 


V(p; [0, 1]; Xmun) = Omm N -MMM = wm, say. (60.7) 


Given e > 0, let k be the integer next lower than Nm2+Ne. 
Then for j >k, 


Wj+1 (N—j)me (V—Nm2—Ne)ma 


Wj (¡+ 1)m (Nma + Nem 
1—e/mi 
= =——=0p0<089% <1 
1+e/ma 7 7 


Thus if X*y, is the set where 21+m2+ ... Hen >m2+2eN, 
we use (60.7), obtaining 


V(p;[0,1];X*y.) = È 


eN 
y > My+2 pl 


Wj < 


< w+19 N-I (1—n) < y N1/(1—7) 


(2; ro, 115 U Xt) < y MA1/(1—9)? 
N>M 


(60.8) 
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Hence the set Xe where 


lim sup(21+x2+ ... +2y)/N > met 2e satisfies 


N>% 
V(p; [0, 1]; Xe) = 0 (60.9) 
Similarly for —e in place of e, and then by taking 
e = l/n, n = 1, 2, ... 
we see that except for a set of x satisfying (60.9), we have 


lim (214+%2+ ... +xy)/N = me 
N>% 


(60.10) 


Thus if we use p as measure, almost all Kollektivs give the 
limit m2. Changing me, in the region (60.5), we do not change 
the limit given by a particular Kollektiv, but we change the 
sets of variation zero. There is no criterion depending on 
{x3} alone, to tell us whether the corresponding number x 
lies in the set satisfying (60.10), or in the complement of that 
set; the criterion must depend on the particular value of 
mg chosen, mz must be chosen first, and cannot be deduced 
from the behaviour of {xj}. This gives a deeper reason why 
(60.3) must be rejected as a definition of probability. 

Another definition of probability has been given by Keynes 
(1921), Jeffreys (1939), and Ramsey (1931). They said that 
probability is the degree of rational belief, and by using various 
axioms, are able to build a theory on that foundation. How- 
ever, the resulting probability is rather subjective, and no 
method is given for evaluating the numerical values of most 
probabilities involved in statistical work. 

Finally, Kolmogoroff (1933) defines probability as a pure 
mathematical measure, and develops the pure mathematics 
of the subject without bringing in the data. 


61. Probability in three areas 


Each definition in the previous section seems to hold part but 
not all of the ethos of probability in statistics, so that a blend 
of all three seems to be indicated. My main assumption is 
that the numerical work of the applied statistician is correctly 
carried out, but perhaps wrongly interpreted. Much of the 
work involves tests of significance, so that we concentrate 
on these. 


L* 
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When considering a possible statistical experiment we 
usually assume that a certain effect will not occur, and so we 
have a null hypothesis. Probability here is the degree of our 
rational belief in the experiment, and to it we assign a number 
Sin [0, 4], called the level of significance. If the null hypothesis 
is a basic belief we put 3 = 0 and have no need to do the 
experiment. If, however, it is reasonable to us to perform the 
experiment, we take 3 in (0, $], with value such that we accept 
a situation in which we reject the hypothesis, when true, ina 
proportion 3 of cases. The more costly a rejection is to us, the 
nearer we take 3 to 0. Experiments in parapsychology have 
the smallest 3. Here we test whether we can obtain informa- 

tion of the natural world or the thoughts of an agent, or 
whether bodies can be moved, by ways that do not use the 
known senses or sciences. Many scientists would say that 
such an effect cannot occur, and would put è = 0. Others, 
conceding that the effect might happen, would have to be 
thoroughly convinced before accepting the effect as operative, 
and these put 3 = 10710, or some other value still nearer to 


but greater than 0. A 

Having chosen ò, we arrang the test procedure so thab 
when the hypothesis is true we reject it in a proportion 8 of 
cases, and accept it in a proportion 1—8 of cases, both pro- 
portions being true in the long run. The meaning of the latter 
phrase is defined mathematically, probability being a finitely 
additive non-negative set function with greatest attained 
value 1. The choice of a suitable probability measure to fit our 
particular problem, and the choice of significance level, are 
together known as the problem of specification. The choice is 
often governed by the knowledge of previous experiments, by 
some theoretical argument, or by some hypothesis to be 
tested. 

We arrange to obtain a sample of n independent values 
Yis >» Yn La variable from the experiment that has not yet 
begun. The integer n may be fixed or may be a statistical 
variable itself. Pure mathematics can partially but never 
wholly solve the problem of ensuring that the values are 
independent, there is still much in the design of the experi- 
ment that has to be left to the individual assessment of the 
applied statistician. From the probability measure of the 
variable we find the probability measure of the sample, and 
we choose a set C(8) of samples that has 1—8 for probability 
measure, where 8 is the significance level. If the variable is 
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and we sometimes have to 
measure greater than 1-3. 


discrete this is not always possible 
= sets C(8) with probability E 
a ye E = bajo Ee C(8) depends on n, and we also use 
; A and near to 1, with C is 
If n is fixed, we carr es ata 
d, y out the experi i 
Ka 1 ‘periment and 
he pie. It is compatible with the null Pea Y 
a ne relative to 3 and C(8), if the pia T > 
È . . 4 Pe i 
a rinse the sample is incompatible with reo 
py tyes ok i a and the null hypothesis is rejected Tf 
ate oe if the sample is in C(8’), the sam Je i 
> pe O, E aer and is not significani keane 
sample is not in G(s) eu ca e E eee “a the 
sample ( ompatible with th i 
= hia ge relative to § and C(8), and the aces ela 
S the sample is in C(8) but not in O(8") wre takes 2 


further value 
, alue Yn,1, and retest, H 
in the third area, that of the ol di 


62. Independence 


Let a variable x ra, 
nge over a set X i 

ant ng , and a variabl 

ae nga pr ro r values of the combined h 
> an i i 

Cartesian product of X pe y ia 
R this book we suppose that x and y 
hat (x, y) is a point of the plane defin 
lines at right angles. E 
simple classification of 
probability measure, 


y on the real line, so 

by two intersectin, 

hie also suppose that the sets of the 

phigh: 59 are allintervals, so that the 

ili e pure math i 

rose i ematical d 

ae ae Sections 60 and 61, is a finitely prepa. ab 

oe ae Ap ra that it is defined for all real inter 
> Si z zan Df e 

jee eds v and py(I) for y. We su 

5 E a additive rectangle function Ba} a ar 

angles Ry” of the plane, that will SEVO ee 


probability measure atta 
] 9 chi i 
if the integral exists, then TED, EAN 


(7) de ch(X) dps = V(px; (—00, 00); X) 


is the probability measure Ppa*(X) 


Note that for the interval I Le Ore 


= [u, v), 
Pa*((u, v)) < palu, v) < pr*([u, v]) 


since Pz i - i i 
Px 18 non-negative, with equality if pz is continuous at 
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u and v. Thus we have no need to define pz* as a completely 
additive set function, we need only begin with the finitely 
additive interval function pz, and then Theorem 38.1 (p. 89) 
gives what we require. Similarly we can define py*, p* from 
py, p. Tf for all intervals I, J we have 


pU xJ) = Palp) (62.1) 


we say that x and y are independent. Strictly, this is not a 
property of the variables 2, y, but of the models Pz, Py» Ps 
of the three probabilities that we are using. From Theorem 
44.2 (p. 109) (Fubini), 


p*(X x Y) = py*(X)pv*(¥) (62.2) 


Similar results can be obtained for n dimensions. 
Returning to the set C(3) of Section 61, a set of points 
s = (%1, -- Un), We are given that 


ps*(C(3)) = 1-8 


If in N independent cases the sample s is in C(3) exactly M 
times, we can compute the probability measure by using 
finite additivity, (62.2), and the property of combinations as 
in the binomial theorem, to obtain 


NCar(1 —3)MEN=M 


As in the proof of (60.8; 60.9; 60.10) from (60.7) 
we see that M/N >1-—3 as N > ©, except for a set of 
samples of probability measure 0. This gives a pure mathe- 
matical definition of the statement that M/N tends to the 
right value in the long run, and it is the simplest of such con- 
vergence results, deeper results also being true. 

In books on statistics there are given tests using contingency 
tables, and basically these are tests of the hypothesis that the 
variables involved are independent. 


63. The Neyman-Pearson theory of tests of simple 
hypotheses 


There now arises the problem of finding, in some sense, the 
best possible region C(8). Neyman and Pearson (1933) say 
that we commit an error of the first kind when we reject a 
hypothesis when ib is true; and we commit an error of the 
second kind if we accept the hypothesis when it is false. Their 
idea is to fix the probability measure of errors of the first kind, 


—— 


— 


O ra 
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ele o the probability measure of errors of the 
= n : he two probability measures are not the same 
nte ag eing po, say and the latter being an alternative 
paes ity measure, say pı. Thus here we can only test one 
ypothesis, giving rise to po, against another hypothesi 
giving rise to another single function pj. i 
we suppose for simplicity that po, p1 are continuous. As 
-hey are non-negative they are clearly AC* with resp 


Po+pi, and then Th S ; ect to — 
ab sd n Theorem wa dos the existence of fj > OL Py! 
Pi = (V) fiat) (j = 0, 1) 


THEOREM 63.1. . 
satisfying If for fixed « >0,U is a set of samples s 


aie fi(s) < afo(s) (63.1) 

If in Un, pi*(U) < apo*(U) (63.2) 

then either ala) +05 (09.8) 

A pı* (U1) > apo*(Ux) (63.4) 
po*(Ui) = 0 (63.5) 

win we dake a COMES 


(P) ie a oa z 
Ta 


with (63.3), so that E 
we have EA AA 311 MU fa — afo) = Dia, and 


THEOREM 63.2. Let U(a) be th isfyt 
Maco aa (a) be the set of s satisfying (63.1). 


po*(U) = po*(U(a)), po*(U n CU(a)) >0 (63.6) 
then pr*(U) >pr*(U(a)) (63.7) 


Sets U(«) n CU and U f CU(a) are in regions where s 
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satisfies (63.1; 63.3) respectively, so that by Theorem 63.1, 


p(U N CU(a)) > x poX(U N C U(a)) 
=apo*(U)—apo*(U N U(a)) 
=0«po*(U(a)) —am*(U N U(a)) 
= apo*(U(«) N CU) > p*(U(a) n CU), 


pr(U) = p*(U N U(a))+pı*(U  CU(«)) 
>pi(U(a) N CU)+p:*(U N U(a)) = pi*(U(a)) 


The theorem shows that if 1 —po*(U(a)) is used as a signifi- 
cance level, the set U(«) is the best possible set, in the sense 
of Neyman and Pearson, to distinguish between the two 
hypotheses. Sir R. A. Fisher calls fo and fi the likelihoods, and 
Silfo, the likelihood ratio. If fı depends on a parameter f, then 
so does U(x), which may vary as we vary B- Thus the best 
set for one value of 8 may be far from the best for another 
value of $, so that if wo are testing po against the composite 
hypothesis that produces pı with different values of B, we 
have to make a compromise. Fisher suggests that we should 
maximize f1, so obtaining Bas a function of s, and substitute 
this in f1/f0, using the new ratio to define new O(8). But we 
cannot go any further into these details. 


64. Generating functions, moments 


Various integrals are associated with a probability measure 
p, of the form 


400 
(| flerap 
“OD 
For example, there are the mean u(f = x), variance 
o(f = (w—p)2), the rth moment for positive integers 
r(f = £"), the generating function (f = at), moment generat- 
ing function (f = e%t), characteristic function (f = etzt), 
and so on. As these f are continuous and the p are bounded, 
finitely additive and non-negative, the integrals are equal to 
the corresponding Radon integrals. 
Another integral is obtained in the following way. Wo 
suppose that every probability interval function is con- 
tinuous on the right, so that 


p(—0,t) = p*((— œ, t]), 


NNN A 
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sad w= write the common value as p(t), with 

pu. v) = p(—00, v) —p(— 00, u) = p(v)—p(u) 
= =. y be independent variables with probability measures 


and let X(t) be the set of (x, y) with x+y < t. Then 
bility measure in the range (— 00, t], to be attached 


am) [7 MEO) dpe} ay 


=(P) |? p-o, ty) py = (1) f” paty) des 


TES is known as the convolution p«*py of pz and py. 

We could now proceed to the Central Limit and allied 
But as these are given in many treatises on 
ity I will instead consider Karl Pearson’s correlation 
which is concerned with the dependence of two 
say, w and y. Let the probability measure associated 
tints w = (x, y) of the plane P be obtained from 


(Y) f flw) deo 


“= write 


giz) = (V) E Fe, y) dy, 
se) = (7) [site dale), y = (1) f sfaw 


en yz is given by 


S) |, U-I) | (y—ap%Flo) dw (64.1) 
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We have the following identity, using Ex. oe ¿108% 
(7) | UN) deo 
| P 
| | =(P) $ 020040421) | W-E- dw 
P P 
+) |, GH) dw 
= (0) | (020) dw+ 
P 
+207) f? @—aen{irr f" Gray ao 
i +) f _ 0-3) tgl) de 
| = (V) | wae aw +217) |" Wiede 
+() |". @—le)}¥a(e) de 


F | (V) J OF dw 


| = (7) | 00100) |", GUA) de 


It follows that 


mue = (V) |? GIN aal(V) | (UD) de (642) - 


THEOREM 64.1. If nyx = +1 ¿hen y = y(x) except in a set 
W of w = (x,y) with 


v(() f fdw; P; w) 50 (64.3) 
If nyx = 0 then y(x) = y except in a set X of x with 


vv feaz; (=o, +00); X) =0 (64.4) 
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The results follow from Ex. 31.1;%with (64.1) for (64.3) and 

(64.2) for (64.4). Thus, apart from the sets of probability- which 

measure zero, there is in the first case a complete functional 

dependence of y on v, while in the second case the mean of y 

for each fixed x is independent of the particular v taken. 
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